
UC Mer
ed: MATH 24 � Final Exam � 26 O
tober 2006On the front of your bluebook print (1) your name, (2) your student ID number, (3) your instru
tor'sname (Sprague) and (4) a grading table. Show all work in your bluebook and BOX IN YOUR FINALANSWERS where appropriate. A 
orre
t answer with no supporting work may re
eive no 
reditwhile an in
orre
t answer with some 
orre
t work may re
eive partial 
redit. Textbooks, 
lass notes,and 
al
ulators are not permitted. You are permitted two handwritten 8.5 × 11 in
h 
rib sheets.There are a total of 12 problems and a total of 150 points. Please start ea
h of the 12 problems ona new page.1. (25 points) Answer the following Always True or False. Only your �nal boxed answer willbe graded on these problems, and you must write out the words TRUE or FALSE 
ompletely.(a) Consider the di�erential equation dy

dt
= f(t), where

f(t) =

{

cos(t) t ≥ 0
1 t < 0Pi
ard's theorem guarantees that there exists a unique solution for the initial 
ondition

y(−1) = 2 in some region around t = −1.(b) If L(y) is a linear operator, and if y1 and y2 are solutions to L(y) = f(t) for some fun
tion
f(t), then y3 = y1 + y2 is also a solution, i.e., L(y3) = f(t).(
) The ve
tors {(1, 4)T , (2, 6)T , (−3,−9)T } span R

2.(d) If B is as given below, then detB = 20.
B =









0 −5 6 2
1 0 0 1
0 0 2 1
2 0 0 2







(e) Consider the system of di�erential equations for x1(t) and x2(t):
dx1

dt
= x1 − x2

dx2

dt
= x2

1 − x2The point x1 = x2 = 1 is an unstable equilibrium point.2. (10 Points) Use separation of variables to solve for y(t) given
dy

dt
= y

cos(ln(t))
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3. (10 points) Consider the dire
tion �eld plotted on the supplemental sheet given with thisexam, whi
h is for a �rst-order di�erential equation (i.e., dy

dt
= f(t, y)).(a) For the initial 
ondition y(0) = 4, sket
h the approximate solution for 0 ≤ t ≤ 8 thatwould be produ
ed with Euler's method with ∆t = 1. Be sure to use a straight edge.(b) Sket
h, to the best of your abilities, the ODE solution traje
tory for the initial 
ondition

y(0) = 4.4. (10 points) Using the 
lassi�
ations dis
ussed in this 
ourse, 
lassify the following di�erentialequations for y(t) as thoroughly as you 
an.(a) d2y

dt2
+ y = cos(y)(b) d3y

dt3
+ t(1 − y) = 05. (10 points) Do the following ve
tors 
onstitute a basis for R

3? Be sure to justify your answer.
v1 =





1
0
2



 , v2 =





−1
2
1



 , v3 =





0
2
2



6. (10 points) Consider the set W = {f(t)|d
2f

dt2
+ p(t)df

dt
+ q(t)f = 0,∀p, q ∈ C0}. Given that Wis a subset of C2 (the set of all 
ontinuous fun
tions with 2 
ontinuous derivatives), determineif W 
onstitutes a subspa
e of C2.7. (10 points) Determine the general solution y(t) given

d2y

dt2
−

dy

dt
− 6y = cos(t)8. (10 points) Mat
h ea
h of the two di�erential equations with the appropriate phase-planetraje
tory for the initial 
onditions y(0) = 1, y′(0) = 0. Only your �nal answer will be gradedon this problem (A,B,C, or D for ea
h equation).

(1)
d2y

dt2
+ 4y = 0, (2)

d2y

dt2
+ 2

dy

dt
+ y = 0,

(A) -1 -0.5 0.5 1
y

-2

-1

1

2

y’

(B)
0.2 0.4 0.6 0.8 1

y

-0.35

-0.3

-0.25

-0.2

-0.15

-0.1

-0.05

y’

(C) -1 -0.5 0.5 1
y

-2

-1

1

2

y’

(D) -2 2 4
y

-10

-5

5

y’
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9. 15 Points When we dis
ussed Variation of Parameters in 
lass, we assumed that the parti
-ular solution to
y′′ + p(t)y′ + q(t)y = f(t),was yp(t) = v1(t)y1(t) + v2(t)y2(t) where y1(t) and y2(t) are linearly independent solutions tothe homogeneous equation, and v1(t) and v2(t) need to be determined. We also pla
ed therestri
tion that v1(t) and v2(t) are su
h that
v′1(t)y1(t) + v′2(t)y2(t) = 0, (1)whi
h resulted in two equations in the two unknowns v′

1
(t), v′

2
(t):

v′
1
(t)y1(t) + v′

2
(t)y2(t) = 0,

v′
1
(t)y′

1
(t) + v′

2
(t)y′

2
(t) = f(t).What are the resulting two equations in the two unknowns v′

1
(t), v′

2
(t) that result if we repla
ethe restri
tion in Eq. (1) (for some odd reason) with

v′
1
(t)y1(t) + v′

2
(t)y2(t) = 2,assuming that y1(t) and y2(t) are known?10. (10 points) Determine the eigenvalues and eigenve
tors of the matrix A where

A =

[

1 1
2 2

]11. (10 points) Consider the system of di�erential equations x
′ = Ax for x

T (t) = [x1(t), x2(t)]where,
A =

[

1 2
−2 1

]Given that the eigenvalues are λ1,2 = 1 ± 2i and the eigenve
tor asso
iated with λ1 is v
T
1

=
[−i, 1], write the general solution.12. (20 points total) Consider the system of di�erential equations for x1(t) and x2(t):

dx1

dt
= x1 − x2

dx2

dt
= x2

1 − x2(a) (10 points) Determine the equilibrium points, and determine the equations governing thenull
lines on the x2(t) vs. x1(t) plane(b) (10 points) On the supplemental �gure (page 5), sket
h the equilibrium points (as 
ir
les)and null
lines. Draw appropriate arrows on the null
lines to indi
ate the dire
tion ofsolution 
urves.
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Supplemental Sheet to be Submitted with Blue BookStudent Name:
Figure for Problem 3
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Figure for Problem 12
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