MATH 24 - EXAM 2 - SOLUTIONS

1. Consider the linear system

2 —10z = 0
Y+ 2z
—4x 43y + 26z = 3

I
—_

(a) Write this system in the augmented form [A|b].

(b) Find the determinant and determine whether the system has a unique solution.
)
)

(c

(d) What is the span of the solutions (point, line, plane, ...) and what is its dimension?

Solve this system using Gauss Elimination (RREF).

SOLUTION
(a)
20 —10] 0
Apl=| 01 2|1
—4 3 2| 3
(b) |A| =0, so the solution is not unique.
(c)+(d)
20 —10] 0 e 0 -5 10 =50
01 21 1R/ 01 2|1 |%fgthil g1 o
—4 3 2| 3 —4 3 2| 3 03 63
10 =5
RamBs 3l g 1 9] 1 — RREF
00 00

So the solutions are © — 5z = 0 and y + 2z = 1 or, setting z = ¢, you get (5¢,1 — 2¢,t),
which is a line, i.e., a 1-dimensional subspace of R3.



cosf) sinf 0 1
2. Let A= | —sinf cosf O | andb= |0
0 0 -1 1
(a) Calculate AAT .
(b) Find A7.
(c) Solve Ax = b when 0 = 7
)

(d) Which of the following products are defined:
(i) Ab, (ii) bA, (iii) ATbT, (iv) bTA, (v) bTb?
Note: you do not need to calculate these products.

SOLUTION
cosf —sinf 0]
(a) AT = | sinf cos@ 0 | . Using cos? @ + sin? 0 = 1 gives AAT = I.
0 0 -1
(b) Since AAT = I it follows that A~! = AT.
0 -1 o0][1 0
(c)x=A""b=|1 0 0 0Ol=11
0 0 —1]][1 -1

(d) The ones that are defined are: (i) Ab, (iv) b7 A, and (v) b’b.



3. Consider the following system of equations in augmented form
k —2 1
aml=| 5 2| )

(a) For which values of k does this system have a unique solution?
(b) Determine the number of solutions for all values of k.

(c) Define the properties of a basis of a vector space. Explain whether the column
vectors of A form a basis of R? when: (i) k=0 and (ii) k = 2.

SOLUTION

(a) |A| =4 — k?, so the system has a unique solution for all k apart from k = 42.
(b) When k # £2 there is one solution.

When k£ = 2: the system ; :; . is inconsistent, so it has no solution.
-2 =2 . . . o
When k£ = —2: the system 5 9 1| consistent, so it has an infinite

number of solutions (a line in R?).

(c) A basis is a set of linearly independent vectors, that spans the vector space.
When § = 0 the two columns of A are linearly independent, they span R? and
are therefore a basis for R
When k£ = 2 the columns of A are linearly dependent, do not span R?, and are
not a basis.



4. Determine whether the following statements are TRUE or FALSE. Note: you must

write the entire word TRUE or FALSE. You do not need to show your work for this
problem.

-1
10
0

0

(a) The RREF of A = is the identity matrix.

S O O N
O = O W
W ot = O

(b) The vectors {[—3,1], [2,—3], [2,1]} span R

(c) The vectors {[—3,1], [2,—3], [2,1]} form a basis of R2.

(d) The functions {t > + 1,t* + 3t + 1,¢ + 4} are linearly independent.
)

(e) The set of solutions of the equation x?y” + xy’ —y = 0 forms a vector space.

SOLUTION

(a) TRUE. Since A is upper triangular, |[A| =2-10-4-(—3) # 0, so the RREF is .
(b) TRUE. For example: it suffices that the first two are independent.

(c) FALSE. 3 vectors in the 2-dimensional R? must be dependent, hence they do not
constitute a basis.

(d) FALSE. 4 functions in the 3-dimensional P, must be dependent. Alternatively, if
you calculate the Wronskian, the last (fourth) row is all zero functions, hence the
Wronskian is zero and the functions are dependent.

(e) TRUE. It is a linear homogeneous equation, so its solutions are closed under
superposition and, therefore, form a vector space.



5. Consider the differential equation 3" + 3’ — 6y = 0.

(a) Find the characteristic equation and roots.
(b) What is the general solution of this differential equation?
(c) Solve the equation when y(0) = 0 and 3/(0) = 5.

)

(d) What is the long time behavior of the solution?

SOLUTION

(a) Setting y = e gives 72 +r — 6 = 0. Hence, r; = 2 and r, = —3.
(b) yn = c1e® + cpe™3.

(¢) y(0) =c1+¢cy =0and ¢ (0) = 2¢; —3ce = 5 gives ¢; = 1 and ¢g = —1. Therefore,
y(t) = e* —e73t,

(d) The solution diverges to infinity.



