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3 Abstract

The quantum mechanical wavefunction of a freely falling hydrogen atom will remain unchanged
to first order in the presence of sufficiently weak tidal gravitational fields, giving rise to a form
of incompressibility not seen in classical systems. The fact that the electron is in a bound state
and that only discrete energy level transitions can occur causes the atom to behave differently than
a classical object in an inhomogeneous gravitational field under certain circumstances. A time-
dependent energy shift that is overlooked in a widely-used gauge choice will be explored, and shown
to be a real physical effect through gauge invariance. Quantum incompressibility of the wavefunction
governing the electron superfluid of a Type-I superconductor will also lead to non-classical behavior
in the presence of tidal gravitational fields, via coupling between gravitational and electromagnetic

fields. Theoretical and experimental implications will be discussed.
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4 Introduction

The notion of the incompressibility of a quantum-mechanical wavefunction was introduced by Laugh-
lin [4] in connection with the fractional quantum Hall effect. Here, the mathematical formalism that
leads to wavefunction incompressibility is discussed in detail. Multiple theoretical and experimen-
tal implications of the ensuing relative motion between classical objects and quantum-mechanically
coherent systems in the presence of inhomogeneous, tidal gravitational fields are explored.

This work begins in Section 5, where a tidal gravitational field is treated as a perturbation to the
energy levels of a hydrogen atom. A natural “quantum of size” exists for the orbit of an electron in
a hydrogen atom, due to the quantization of nuclear charge, whereas no “quantum of size” exists for
classical objects. Since the orbital radius of the electron can only take on discrete values, a quantum
form of rigidity can arise in this system between Bohr’s “quantum jumps.” This will cause the atom
to behave differently than a point-like object during free fall in inhomogeneous, tidal gravitational
fields. This problem has been previously considered, but only as measured by the local frame of
the center of mass of the hydrogen atom, resulting in a time-independent shift of the energy states
of the electron wavefunction. A novel result is obtained when global measurements are made from
the frame of a distant inertial observer, namely that a time-dependent energy shift arises due to the
effects of the curvature of space.

The behavior of a hydrogen atom in the presence of a weak tidal gravitational field is relevant to
the development of a unified gravito-electrodynamical theory for weak, but quantized, gravitational
and electromagnetic fields interacting with non-relativistic quantum mechanical matter. Such a
theory would fall short of the ultimate goal of unifying all known forces of nature into a “theory
of everything,” but it would nonetheless be a very useful theory to have in order to compare with
experiments. Here, a need for such a theory is discussed by solving a simple hydrogen-atom problem
that reveals the “quantum incompressibility” of a spatially-extended quantum object in the presence
of an inhomogeneous gravitational field. In particular, the response of a hydrogen atom to the tidal

gravitational field of the Earth is considered. Using first-order perturbation theory, it is found
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that under certain circumstances, an incompressible, extended quantum mechanical system such as
this atom will behave differently than both point-like and extended classical objects in the Earth’s
inhomogeneous gravitational field. The main objective of this section is to demonstrate the existence
of a time-dependent shift in the hydrogen atom energy spectrum due to the curvature of space when
measurements are made by a distant inertial observer in asymptotically flat spacetime.

Section 6, as mentioned, is presented as published in Physica E, apart from modifications to
the format, and the equation, figure, and reference numbers, for the purposes of continuity within
this dissertation. This section addresses the possibility of reflection of high-frequency gravitational
radiation from the surface of a thin superconducting film. The electron superfluid of a Type-I
superconductor is also governed by a quantum-mechanical wavefunction which also exhibits a form
of incompressibility. Detailed analysis is performed showing the reaction of a superconductor to
high- and low-frequency gravitational perturbations, leading to multiple experimental possibilities.

Sections 7 and 8 are analyses of two of those experimental possibilities, including a brief de-
scription of some preliminary data. Section 7 addresses electrostatic charge separation within a
bulk superconductor in the presence of a low-frequency perturbing gravitational field. Section 8.1
briefly addresses the possibility of conversion between electromagnetic wave power and gravitational
wave power by means of two sets of superconducting systems, while Section 8.2 deals with practical,
experimental concepts that are helpful to the implementation of the experiment that is described
in Section 8.1. Specifically, stable levitation of two spatially-separated superconducting samples is
considered. Some of these experiments have been performed, and an experiment on the transduc-
tion between electromagnetic and gravitational radiation (first discussed in Section 6) is on-going

and fully funded.
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5 Quantum Incompressibility of the Hydrogen Atom Elec-

tron Wavefunction

5.1 Introduction

The nature of the quantum mechanical wavefunction of the electron in a hydrogen atom will cause
it to behave differently than any classical matter in certain types of inhomogeneous gravitational
fields. A time-independent shift of the atom’s energy spectrum has been studied extensively by
many, several of them mentioned in the main body of this section, but here it is proposed that there
is also a novel time-dependent energy shift when the atom is viewed by a distant inertial observer
in asymptotically flat spacetime.

Section 5.2 briefly introduces the quantum mechanical wavefunction of the hydrogen atom, and
defines certain parameters and variables.

Section 5.3 analyzes the free-fall behavior of classical matter in tidal gravitational fields. This
section was written to point out the fact that classical point masses behave differently than classical
extended masses in tidal gravitational fields, though no violation of the Equivalence Principle occurs.

An explicit derivation of the interaction Hamiltonian operator that leads to a time-independent
shift in the atom’s energy spectrum due to the curvature of space is performed in Section 5.4, which
has been previously considered. This operator arises from the potential energy term in the full
Hamiltonian. In Section 5.5, it is argued that there is a time-dependent energy shift that arises
from an interaction Hamiltonian that has not been previously considered. This operator arises
from the kinetic energy term in the full Hamiltonian. It is suggested that this time-dependent
energy shift is generally overlooked when performing an allowed local gauge transformation which
sets the contributions of the vector potentials to the kinetic energy to be identically zero everywhere.
However, this does not take into account holonomic effects seen in global measurements. An analogy
is made, in that there are experimentally-verified holonomic effects in electromagnetism which arise

in the same form as the interaction Hamiltonian that leads to the time-dependent energy shift due
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to the curvature of space. Gauge invariance of these time-dependent energy shifts are shown in
Section 5.6.

While exploring this gauge invariance, it is shown that the Riemann curvature tensor one often
encounters in general relativity has a different form when free fall occurs outside of a spherically-
symmetric object, as compared to free fall through a spherically-symmetric object, such as a hole dug
through the diameter of the Earth. This serves as motivation to evaluate the energy shift problem
when the atom is freely falling through the Earth, as opposed to freely falling above the Earth’s
surface. It is found that the interaction Hamiltonian terms have different forms in each case. For
example, though there are additional differences, the kinetic energy shift above the surface of the
Earth is positive-definite for all quantum states of the hydrogen atom, whereas this energy shift is
negative-definite for all states when free fall occurs within the Earth.

Section 5.7 directly compares the free fall behavior of the hydrogen atom to that of classical
objects, both point-like and extended.

Section 5.8 discusses a discontinuity in the gravitational potential that occurs at the surface
of the Earth in the expressions for the potential within the Earth, and above the surface. A
gravitational potential that is valid in both cases is derived. It is noted that the previous results
remain unaffected, since physical effects arise only from changes in potential, not absolute potential.

Section 5.9 contains concluding remarks.
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5.2 Wavefunctions and Circular States of the Hydrogen Atom

A relatively simple quantum-coherent system is the hydrogen atom. The wavefunction for a hydro-
gen atom is uniquely defined by three quantum numbers: n, the principal quantum number; [, the
angular momentum quantum number; and my, the magnetic quantum number. When n > 1, the
system is commonly called a “Rydberg atom.”

The normalized wavefunction of the hydrogen atom is given in spherical polar coordinates by [5]

P (n—1-1) r\! r
T/Jnlmg (T707¢) = _\/(nio) WQXP <_7”L;0) <ni{)> Lil:_ll (73“0> Yim (97¢)7 (1)

where aq is the Bohr radius, Lfllj_rll are associated Laguerre polynomials of degree n + [ and order

20+ 1, and Y}, are spherical harmonics. Particular attention will be focused on “circular states” of
the Rydberg atom, where [ and |m| are equal to their maximum values of n — 1. These states are
called “circular” due to the fact that the electron probability distribution is strongly peaked in a
ring-like shape, and thus Rydberg atoms in these states make good examples of quantum-coherent

“rings” when n is large. The unnormalized wavefunction for circular states is given by [6]

naop

Vpn—1m1 (r,0,¢) = [rsinfdexp (z’qﬁ)]n*l exp (—T> ) (2)

The wavefunction for the center of mass of the system is a plane-wave state given by

wl(rcm) = exp(ikcm . rcm) ) (3)

where k., is the wave vector, and rey = (Tem, Yom , Zem ) 18 the position, of the center of mass. Since

the center of mass of atom is undergoing free fall in Earth’s gravity,

o Mgcfft

kcm - e, = kcm €., (4)
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where gog is the effective acceleration due to Earth’s gravity, defined later in (15), e, is the unit
vector parallel to the local vertical axis, and & is the reduced Planck’s constant.
The total wavefunction for the system is given by the product of the wavefunctions in (2) and

(3), and is thus

r

\Iln,n—l,n—l = wn,n—l,n—lw/ = (7‘ sin 06i¢)n71 exp <ikcmzcm - na> ’ (5)
0

The associated probability density of the electron has the form of a strongly peaked, ring-like

distribution lying in the (z,y) plane with a maximum located at a radius of

= ’I’L2 ao , (6)

where ag is the Bohr radius, and m. and e are the mass and charge of the electron, respectively.
Such an atom, unlike a freely falling rubber ring, will resist any change in its size during free fall
until it can make a discontinuous quantum jump out of its initial state into a different quantum
state. In this sense, a hydrogen atom in a circular Rydberg state is “quantum incompressible” in its
response to tidal gravitational forces — apart from possible quantum transitions. However, as it will
be shown that appreciable quantum transition probability amplitudes are only present for highly
curved space and/or values of n that preclude the atom from being stable against ionizing effects,
such transitions are beyond the scope of this work, and only the gravitational field of the Earth and

realistic values of n will be considered.
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5.3 Free Fall of Classical Matter: Point Masses and Extended Objects in

Tidal Gravitational Fields

Consider the free fall of two nearby, point-like objects dropped from the same height above the
surface of the Earth (see Figure 1). These two objects, whose trajectories radially converge towards
the center of the Earth, each apparently undergo a small horizontal component of acceleration g’
of the radial acceleration g due to the Earth’s mass, according to a distant inertial observer, where
g = Rinxi for 4 = 1,2. These horizontal components of acceleration are equivalent to a tidal

gravitational force that, in a Newtonian picture, causes the two objects to converge toward each

other during free fall.

Earthg

Center

Figure 1: Two nearby, freely falling, point-like classical objects dropped from the same height above
the Earth’s surface follow converging geodesics that are inclined at a slight angle with respect to
the vertical plumb line equidistant between them. The two objects, whose trajectories radially
converge towards the center of the Earth, each apparently undergo a small horizontal component of
acceleration g’ of the radial acceleration g due to the Earth’s mass, according to a distant inertial
observer. These horizontal components of acceleration are equivalent to a tidal gravitational force
that, in a Newtonian picture, causes the two objects to converge toward each other during free fall.

Now replace these two objects by a ring made of classical, compressible matter, such as a rubber
ring. Let this ring be oriented in a horizontal plane when it is initially dropped. Over short time
scales, the ring will undergo continuous compression into a ring of smaller radius during free fall
under the adiabatic, slowly time-varying, squeezing action of the tidal gravitational field of the
Earth, whose action is isotropic in the two transverse directions perpendicular to the local vertical

plumb line indicated in Figure 1. Since the ring continuously changes its dimensions as it falls, no
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natural “quantum of size” exists for such a ring.

Now consider two classical objects, one point-like mass, and one spatially-extended mass, in the
presence of the inhomogeneous, tidal gravitational field of a point-like object with mass M’ (e.g.,
a point-like Earth). Both objects are released from rest at a vertical distance h from mass M’.
Once released, the objects are allowed to undergo free fall. One object consists of an infinitely
rigid ring of radius @ and mass meyi. The other is a point-like test mass my; which is located at
the center of mass of the ring, and is free to fall independently. Both the ring and the test mass
are simultaneously released from rest into free fall at time ¢ = 0. Let M’ > meyy, mp, so that the

position of mass M’ stays fixed. See Figure 2.

[
MI

Figure 2: A point mass my and a rigid ring of mass mcy; undergoing free fall in the inhomogeneous
gravitational field of a point object with much greater mass M’.

The total energy of the freely falling, point-like test particle, with mass my, is a conserved

quantity equal to its initial potential energy, and is thus given by
By =——7—, (7)

where G is Newton’s gravitational constant. The gravitational potential energy of the point-like

test mass m is given by

— (8)

where y is the distance fallen.
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A differential volume element dm of the rigid ring has a total energy

JE __ GM'dm _ GM'padg )

where p, = 5=t is the uniform, linear mass density of the thin ring, and d¢ is a differential angle
element along the ring. Substituting this expression for the mass density and integrating, the
conserved total energy of the ring is given by

GM/mext

By = — 2 Mext 10
R (10)

Similarly, the potential energy of the ring is given by

M
Vi = __ GM'mexe (11)
(h—y)? +a?

By the principle of conservation of energy, the total energy of both objects satisfies E =T 4+ V,

where T is the kinetic energy, and thus the kinetic energies of each object are

GM/mpt Y

_ 12
T h 1-Y (12)
GM' My 1 1
Text Mext - 9 (13)
h VA-Y)?2+D?> 1+ D?

where Y = y/h is the dimensionless free-fall distance, and D = a/h is the dimensionless radius of
the rigid ring. Note that Tty — T},¢ as D — 0, as would be expected. Although this non-geodesic
effect may be too small to measure using realistic dimensions for Earth-based experiments (since D
would be small due to the large radius of the Earth), (12) and (13) can be used, via T' = $mv?, to
show that everywhere on the open interval Y = (0, 1), the velocity of the ring is less than the velocity
of the test mass, showing that an extended, rigid system will behave differently than a point-like
object during free fall in the inhomogeneous, tidal gravitational field of point mass M’.

The gravitational acceleration of the extended object over short free fall distances, where the
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acceleration is approximately constant, can be derived from (10) by noting that

GM'mext GM/mext

Eoxt = — \/h2——|—a2 = - R = —Mext Jext 1Y, (14)
where gyt is an effective gravitational acceleration given by
GM' GM'

Gt = T = g (19)

For free fall in the Earth’s tidal gravitational field, gex¢ differs from the gravitational acceleration of
a point mass at the surface of the Earth gg = 9.8 by a very small amount for realistic lengths a.

The fractional difference between the two is given by

1 a \?
YGext :72%1— <R) , (16)
gE 1+(a) E

where Rp is the Earth’s radius, when the extended object is dropped near the Earth’s surface.
Note that the subscript in gg is present to remind the reader that this value is the magnitude of
gravitational acceleration at the surface of the Earth, which is a constant that does not vary with
distance from the center of Earth, reserving the symbol g for the magnitude of the gravitational
acceleration that is inversely proportional to that distance when free fall occurs above the Earth’s
surface.

Initially, it seems that this result challenges a major aspect of the equivalence principle (EP),
namely that all objects in free fall undergo the same acceleration. However, this is not the case,
since the EP is applicable only to point-like objects in free fall. The EP does not apply, except in
approximation, to the spatially extended ring in an inhomogeneous gravitational field.

Since the two objects have different velocities in a tidal gravitational field, the question can
be raised, what if the two objects are bound together, so that their velocities must be the same?

Consider a single object that consists of the extended ring and the point-like mass that are rigidly
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bound together during free fall. The total kinetic energy of this system is given by the sum of the

individual kinetic energies defined in (12) and (13), and thus

Mext Mext 1

GM' Y
Tioy = Tpt + Toxt = Mpt ( > + - = 7mt0tvt20t7 (17)
1-Y \/(1—Y)2+D2 V1 + D2 2

where Mot = Mpe + Mext, and v is the velocity of the entire system. The velocity satisfies

2G M’ ( Y ) 1 1
2
Vtot = u + (1 - U’) - ’ (18)
h 1-Y \/(I—Y)2+D2 V1t D2
where v is the dimensionless ratio satisfying
w= et g Mext (19)
Mot Mot

Therefore, the velocity of the system is dependent on the masses of the ring and the point mass. As
one would expect, v,4 approaches the velocity of the point mass when u — 1 and that of the ring
as u — 0.

Again, a mass-dependent free-fall velocity seems to be a contradiction to the EP. However, again,
the EP does not apply to this system because the point mass and the ring are rigidly bound, and
therefore are not individually free particles. The EP can only be applied rigorously to freely-falling

point masses. The rigid binding of the two masses precludes them from falling as free particles.
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5.4 Free Fall of the Hydrogen Atom through Vacuum in Tidal Gravita-

tional Fields

The Hamiltonian operator for the hydrogen atom in a perturbing field is given by

H = Hy + H, (20)

where Hy is the unperturbed Hamiltonian, and H; is the interaction Hamiltonian due to the field
perturbation.
An interaction Hamiltonian for the hydrogen atom in a gravitational field, moving with non-

relativistic velocity, has been previously considered by Parker [7] and shown to be

1
Hp = imeROZOmxlmm (21)

where m, is the mass of the electron, Ry;o., are components of the Riemann curvature tensor, and !

and z™

are components of the position operator of the electron. Equation (21) is obtained by taking
the nonrelativistic limit of the Dirac equation embedded into curved spacetime [8][9]. The subscript
P is used for Parker, the author of the papers referenced here, and his index notation is adopted
as well. Superscripts [ and m are contravariant indices satisfying [, m = 1,2, 3, and should not be
confused with quantum number [ or mass m. The index 0 refers to the time components. Greek
indices are spacetime indices, and Latin indices are space indices only. The Einstein summation
convention is used here as well, in which repeated indices are summed over all possible values.

The physical meaning of (21) can be seen by going to the Newtonian limit of general relativity,

where [10]
0?®

i ik
Fojo =10 Oxkoxi ’

(22)
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where @ is the Newtonian gravitational potential that satisfies

Vo =g. (23)

Lowering the index 4 in (22) by means of multiplying by the metric tensor g;;, one gets

» 5 0% 0%
T — Ry = . ik = _—
Riojo = giiRoj0 = 910 kol Ik kg (24)
For weak gravitational fields, spacetime is almost flat, so that to a good approximation
Juk & Mgy = Ok (25)

where 1, = diag(—1,+1,+1,+1) is the Minkowski metric for flat spacetime. Thus one arrives at

the expression relating the Riemann curvature tensor to derivatives of the Newtonian gravitational

potential
0%® 0%®
Rigio =96 - = - . 26
1030 = Ok ki~ Oxloxi (26)
The covariant indices of the Riemann curvature tensor obey the following identities:
Rn)\;u/ = _R)\H;J,V = _Rn/\yu . (27)
It therefore follows that
Rigjo = Rowoj - (28)
Using this identity and (26), we can rewrite (21) as follows:
I 1 R L om 1 o2e ., (29)
= =M, mZ T = —me=———uz'a™.
D) 010 2" oxldz™
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Since the 3-by-3 matrix

2%d %0 2%d
Oxlox! Ox1ox? Ox1ox3

*® ok %d 30
0z29x! 0x20z2  9x20x3 ( )

foak) foa %
Ox30x! Ox30x2 Ox30x3

is Hermitian, one can solve for its eigenvalues and their corresponding eigenvectors, and thereby
define the principal axes of the ellipsoid obtained by setting the quadratic form (29) equal to a
constant. Using a principal-axis coordinate system (z,y, z) which is centered on the center of mass

of the atom, we obtain

Hp = 2"\ 92" Oy vt 922"

i.e., that the interaction Hamiltonian (21) can be cast into a principal-axis quadratic form.
By Taylor’s theorem, one can expand ® around the origin, located at the center of mass of the

atom, as follows:

0P 0P 0P
P(x,y,z) = Do+ | — T+ — — z 32
(2,9, 2) 0 <8m . ay y:Oy 0z |,_, ) (32)
1(0°® , 0?2 , 0% 9
3 (8962 z:ox O |, 0z? z:oz T (%)

where @9 = (0,0, 0). Since there are no tidal forces at the origin,

0P
ox

oo
=0 ay

o
T 0z

=0. (34)

y=0 z=0

Furthermore, one is free to choose &9 = 0.

Thus, one can see from (31) that the physical significance of Hp is that

Hp =m.®(x,y,2). (35)

In other words, Parker’s interaction Hamiltonian (21) has the physical significance of being the

tidal gravitational potential energy operator, viewed as a perturbation on the electronic wavefunction
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of the hydrogen atom in the principal-axis coordinate system centered on the center of mass of the
atom.

If one further chooses the z axis to be the vertical axis of the freely falling system, the potential
® must then be rotationally symmetric in the (z,y) plane, so that expanding the potential around

the origin by Taylor’s theorem implies that ® must have the form

® = A (2® +y?) + B2, (36)

recalling that ®; was chosen to be zero at the origin. Since the atom is falling through vacuum,

the potential must satisfy Laplace’s equation

V2o = 0. (37)
Substituting (36) into (37) yields
B =-2A, (38)
and thus
= A (2% +y* - 227). (39)

To determine A, one can consider the tidal forces on the electron, which satisfy

F=-m,V®=—-2m.A(z,y,—22) = m.g . (40)

For sufficiently short free fall distances, over which the gravitational acceleration can be considered

constant, the velocity of the particle is given by

v =gt =24t (x,y, —22). (41)
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Considering specifically the z-component of the velocity,

vy = ght = gt = —2Atz, (42)

REg

and therefore

g
A=——=—. 43
Ry (43)

The full expression for the potential is thus
<I>:L(2—l—y2—222)7 (44)
2RE

and the interaction Hamiltonian is given by substituting this expression into (35), yielding

Meg /2 2 2
Hp = —2z7). 4
P=3g, @ty —22) (45)

When calculating the shifts to the unperturbed energy levels resulting from the expectation value

of this interaction Hamiltonian, it is convenient to express this operator in spherical coordinates by

_ Meg 1 9 -2, _ T Med 0
HP*2RE [r? (3sin” 6 — 2)] 4\/;2REY2’ (46)

where Y3 is the second degree, zero-order spherical harmonic. Thus, this interaction Hamiltonian
represents a rank-2 angular momentum operator, since its angular dependence is quadrupolar [11].
One immediate consequence is that, by the Wigner-Eckart theorem, there will be no effect on a
hydrogen atom in a state with zero angular momentum (i.e. where [ = 0), to first order, through
this interaction Hamiltonian.

The energy shift of the atom in a highly-excited, stretched Rydberg state due to this interaction
Hamiltonian is given by

V|Hp|¥)

_ !
ABp = gy (47)
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Beginning with the normalizing element,

(V|w)

27 ™ e’} )
/ / 2™ exp (_7‘) sin?""1 0 dr df d¢ (48)

where

S(a) = /07T sin® 6d6. (49)

Evaluating the expectation value for the Parker interaction Hamiltonian yields

2n+3
(W Hp) = T om 2+ 2)1 (U20) 73S (204 1) — 28(20 ~ 1), (50)
2R 2
and thus the energy shift is equal to
2
AEp = 29 (95 4 9) (2n + 1) (@> 31 (2n+1,2n—1) — 2], (51)
2R 2

where
_S(a) _ o sin® 6do
o9 =5 = 7 sin® 9d”

(52)

A plot of this integral quotient appearing in (51) as a function of n is shown in Figure 3, indicating
that I approaches unity as n becomes large. The integrals were calculated numerically using an
adaptive Simpson quadrature method with an error tolerance of 1076.

Thus, for large values of principal quantum number n,

AFEp ~ Med (n2a0)2 — Mg 2

Re by a. (53)

This expression defines a shift in the energy spectrum of the hydrogen due to the curvature of space.

4

In light of the fact that the energy shift grows as n*, one might ask, for what values of n does

this energy shift become comparable to the unperturbed energy level spacings? Recall that the
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Figure 3: Quotient of sine integrals that appears in (51) as a function of n.

energy of the nth state is given by

K

E, = (54)

ﬁ,
where Ey = —13.6 eV, the energy of the ground state. Thus, for the energy shift to be comparable

to the spacing,

E, + AEp ~ Epi1. (55)

For the gravitational field of Earth, this occurs when n ~10°. Rydberg atoms with this excitation
energy would be extremely short-lived [12], not due to spontaneous emission, but to ionizing effects.
Atoms in these energy states have not been prepared in a laboratory setting. Note that the atomic
radius would be on the order of tens of centimeters.

Alternatively, one could ask, for realistic values of n, what value of £ is required for the energy
shift to become comparable to the unperturbed level spacing? To satisfy (55), % would have to be
on the order of 10'2 Hz? for n ~10%. Note that gravitational fields near a black hole are required,
since this value is on the order of 10> Hz? on Earth, 10! Hz? for a white dwarf, and 10° Hz? for a
neutron star. Furthermore, for this curvature, the gravitational field may become too strong to be

considered a perturbing field, which will be discussed in more detail in the following sections.
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Up to this point, the analysis matches that which was previously considered extensively. See, for
example, [7][8][9][13][14]. While no claims are made here that the energy shift in (53) is incorrect, it
does not constitute a complete analysis for the energy shifts of the circular Rydberg atom in curved
spacetime. In Section 5.5.2, it will be shown that an additional, time-dependent energy shift arises

when one considers the interaction Hamiltonian that arises from the DeWitt minimal coupling rule.
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5.5 The DeWitt Interaction Hamiltonian Operator

Generally, in nonrelativistic quantum mechanics when weak electromagnetic and gravitational fields

are present, one must make the substitution according to DeWitt’s minimal coupling rule [15]
p—p—qA—mh, (56)

where p is the canonical momentum operator, ¢ and m are the electrical charge and mass of the
object being considered, respectively, and A and h are the electromagnetic and DeWitt gravitational
vector potentials, respectively. Applying this minimal coupling rule to the Hamiltonian for a freely

falling hydrogen atom in presence of weak electromagnetic and gravitational fields yields

1 2 1 2
H = m (Pp — @A — mphy)” + Tme (Pe — geAc —meh,)” + V(rp,re) | (57)

where m,, and m, are the proton and electron masses, respectively, A, and A, are the electromag-
netic vector potentials evaluated at the position coordinates of the proton and electron, respectively,
h,, and h, are the corresponding gravitational vector potentials, and V' is the potential energy. The
coordinate system being used here is that of the distant inertial observer.

Expanding the Hamiltonian in (57), yields

v, p?
H = = \%4 e 58
2m,, * 2m.e +V(rp,re) (58)

2
q 1 q 1 A
! <277plp Ap-Ap+ §mPhP “hy - TZAP "Pp — 9 {hp, Py} + apAyp - hp)

(A A R b - AL p— Ehepit AL b
2me (&) € 2 e+tte € me e pe 2 €7p€ qe € € b

where the commutation relation [p, A] = 0 was used, since the electromagnetic vector potential is
solenoidal, and {h,p} = h - p+p - h is the anti-commutator. It is desirable to transform to relative

and center-of-mass coordinate systems. Since an analytic expression for the DeWitt Hamiltonian
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corresponding to an object in the presence of electromagnetic and gravitational fields does not exist
in the transformed coordinate system [13][16], the transformation will be applied only to the terms
in the square brackets in (58), treating the additional terms in the parentheses as perturbations to
the system. This can be justified by comparing the energy shifts one calculates for these terms to

the much larger Coulomb potential. Applying the coordinate transformation

ry, = pfp Tt Mele (59)
My + Me

r=|r. — 1, (60)
only to the terms in the square brackets of the above Hamiltonian yields

2

2
Dc p
H ~ cm L~ 1
[2M+2ﬂ+V(r) (61)

2
q 1 q 1
+ <2n1;pAp.Ap+ §mphp'hp B nprP'pp_ 2{hp,pp}+qup-hp>

% 1 Qe 1
+ ( < Ae'Ae+ 7mehe'he - 7Ae'pe - §{hevpe}+QEAe 'he> 9

2me 2 Me

where p., and p are the magnitudes of the canonical momentum of the center of mass of the
atom and the canonical relative momentum, respectively, M is the total mass of the atom, and

w=myme/(mp + me) is the reduced mass of the electron.
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5.5.1 Quantum Incompressibility of the Rydberg Atom in a Weak Magnetic Field

In the DeWitt minimal coupling rule defined in (56), it is clear that the gravitational vector potential
h enters the kinetic momentum operator in a similar manner to the electromagnetic vector potential
A. Analysis of the energy shifts that arise from considering non-zero external electromagnetic
vector potentials A yields experimentally-verified results, which is shown below. The intention here
is to demonstrate the necessity of a non-zero energy shift arising from the DeWitt Hamiltonian by
considering an electromagnetic analogy that yields experimentally-verified results.

Thus, before examining the gravitational case, consider the effect of a homogeneous, DC magnetic
field upon a system with Hamiltonian given by (61), in the situation that h = 0 but A # 0.

In the symmetric gauge, the electromagnetic vector potentials for the proton and electron are

given by
1 1
A.p = §B X I'p: —EB <yp, —.'Ep, 0> 5 (62)
and
1 1
A, = §B X Te= —§B (Yey —Te, 0) , (63)

in the Cartesian coordinate system, respectively, for B = Be,, where is the unit vector parallel to
the local vertical axis. As before, the energy shifts due to the presence of the perturbing fields are
found by taking the expectation value of the corresponding interaction Hamiltonian terms.

The interaction Hamiltonian for the A - A term, commonly referred to as the “Landau diamag-

netism term” [17], is given by

2 2

e e
Han = 5 Ay Ayt —AcA (64)
D e
6232 9 5 e2B2 9 )
- 8mp (l'p + yp) + 8me (me + ye)
e2B?
e

where the approximation has been made due to relative sizes of the proton and electron terms [18].
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The corresponding normalized matrix element is given by

(VA A]P) B (U[a? +42|0)

Ry 4 (o) (65)

Henceforth, the subscripts will be suppressed as understood. Transforming to spherical polar
coordinates and performing the integration, the matrix element that appears in the numerator on

the right hand side of (65) becomes

(U]z? +°|¥) = (T|r?sin®0|T) (66)

2 ™ o) 2Te i1
_ / / / p2n+2 exp <) sin?*t1 0 dr do do
o Jo Jo nao

2n+3
o (2n + 2)! (%) S@n+1).

Dividing this by (48), the normalized element becomes

(T]z® + y|¥) nag \2
N YT (on42) (2 1( )12 1,20 — 1). 67
Gy = et enr ) (U50) 120+ 12— ) (67)

Thus, for large values of the principal quantum number n,
(W]2? + y?|0) b N2
gy~ ()’ =l (63)
The resulting energy shift thus satisfies

e? B?

(AEaa), = (Haa)~ o a2, (69)

in first-order perturbation theory. Comparing this to the Coulomb potential, it is noted that for
sufficiently weak magnetic fields and realistic values of n (where n®B < 7 x 10° T), the A - A term

can be treated as a perturbation in (61). The energy shift given by (69) causes the atom to become
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a low-field seeker in inhomogeneous magnetic fields through the relationship

(Fan), =~V (ABxa), ~ — S22 V (B2),

Me

2.2
n

(70)

where (F, , ), is the force on the atom in the ring-like state (2) in the presence of an inhomogeneous

magnetic field.

According to first-order perturbation theory, the result given in (69) implies that the size of the

atom does not change in the presence of an externally applied DC magnetic field, in the sense that

the root-mean-square transverse size of the atom, which is given by

an|rms = \/<Wn7n_1vn_1 ‘LEE + yg‘ \Ijn7n—1,n—1> = Qn,

does not change with time during the application of the field.

For the A - p term, we start with

where L, is the z-component of the quantum-mechanical angular momentum operator L.

corresponding matrix element is given by

1 2m ™ o'} 9
(P|A - p|T) = ihB(n — 1)/ / / 72" exp (—T> sin?" "1 9 drdfde.
o Jo Jo

nao
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Evaluating the radial part of the integral analytically leads to

(U|A - p|T) = ThB(n — 1) (2n)! (%)2"+1 S(2n—1). (75)
Dividing the above by (48) gives
w - ;B(n _, (76)
and thus the energy shift is given by
(ABap), & 5oae (1= 1) B = 5" —qomB, ()
no 2me 2me,

which is the linear Zeeman level-splitting term. The expression in (77) is valid for all values of
n, and the approximation arises from again neglecting the proton contribution, since its charge-to-
mass ratio is much smaller. This energy shift is significantly smaller than the Coulomb potential
for realistic values of my and B.

Since the A - p term is linear in the electromagnetic vector potential, and the A - A term is
quadratic, one must calculate the second-order perturbation term in A - p, since any contribution
from this term will be of the same order as that in (69). The full energy expression corresponding

to the A - p interaction Hamiltonian, out to second order, is given by

2
~ B0 (Zrim [A - P| Crrir)|
B, ~E" + (AEap), + > SO 20 : (78)
n’#n,l’,m’ n T Lty

Applying the A - p operator to the wavefunction eigenstate, one obtains

B
A P |\I]n’l/’m’> = hgm/ ‘\Ijn’l’m’> s (79)
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and thus

B
<\I/nlm |A . p| len’l’m’> = h;m/ <\Ilnl'm |\I’n’l’m/ > . (80)

Since the matrix element on the right side of (80) is proportional to &,,/, all terms in the sum in
(78) are zero, and thus there are no contributions from second-order terms in A - p.

As with the A - A term, the result given in (77) also implies that the size of the atom is unchanged
to first order by the A - p interaction Hamiltonian, since the wavefunction state did not change with
the application of this operator. In fact, none of the moments of the atomic probability distribution
can change, since the wavefunction ¥, ,,_1 ,—1 must remain unaltered in first-order perturbation
theory in the presence of a weak applied magnetic field. This will also be true when the applied
field varies slowly in time, as long as the characteristic frequency of its variation is sufficiently low
to render quantum transitions out of the initial state ¥,, ,_1 ,,—1 highly improbable. The electronic
wavefunction of the circular Rydberg atom is thus “quantum incompressible” not only in the presence
of DC magnetic fields but also in the presence of sufficiently weak, and sufficiently slowly varying,
magnetic fields that do not cause quantum transitions.

For the general case of external perturbations arising from changes in potential energy, such as
those that would arise from continuous variation of the nuclear charge, a corresponding continuous
variation of the size of the quantum system would be possible. However, due to the discreteness of the
charge of the nucleus and of the electron, the Coulomb potential energy of a circular Rydberg atom
governed by (61) is fixed, and cannot be continuously altered to first order. Continuous variation of
the size of the atom in this particular case is therefore impossible via any process which arises from
changes in an external perturbing electromagnetic field, and thus it is not meaningful to perform an
analysis using the quantum adiabatic theorem. The quantum adiabatic theorem is only appropriate
when dominant contributions to the Hamiltonian operator can be varied slowly and continuously,

which is not the case here.
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5.5.2 Quantum Incompressibility of the Rydberg Atom in a Weak Tidal Gravitational

Field

Now consider the case in which a weak tidal gravitational field is present without any accompanying
electromagnetic field, i.e., when A = 0 but h # 0, such as when a hydrogen atom in a circular
Rydberg state freely falls in the Earth’s tidal field in the absence of any electromagnetic field. As
before, the atom is initially prepared in the state given by (5). It is oriented such that its z-axis, which
goes through its center of mass, coincides with the local vertical axis of the Earth’s gravitational
field. The horizontal tidal gravitational field of the Earth experienced by the atom during free fall,
as observed in the coordinate system of a distant inertial observer, where the (x,y) plane is the local

horizontal plane, is given by

t
h(e,y.20) = v(0,y.2,0) =gt = 7 (e, 22) , (81)
E

where, in accordance with Figure 1, v(z,y, z,t) is the velocity of a freely falling test particle located
at (z,y,z) and observed at time ¢ by the distant inertial observer [1, which is Section 6 of this
work], g’ is the horizontal component of Earth’s gravitational acceleration arising from the radial
convergence of free-fall trajectories towards the center of the Earth as seen by this observer, and Rg
is the radius of the Earth. Such freely falling test particles located at the origin of the spacetime
coordinate system establish the local inertial frame that is being used here. It is assumed in (81)
that the excursions of the electron from the center of mass of the atom are much smaller than Rg.

The interaction Hamiltonian for the h - h terms in (61) is then given by

2,42
M mMeg“t 9 9 9

—h,-h, = 4z7) 82
5 2R (xZ +y> +427) (82)

Hyn = %hp-thr %he-he ~

where a similar approximation [18] to that appearing in (64) has been used. This leads to an energy

level shift of the atom in the circular Rydberg wavefunction state (5), due to the Earth’s tidal field
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in (81), given by

meg2t2 2t2

2R,

Meg b2 (83)

(AEh‘h)n ~ n
2R,

<\I/n,n—1,n—1‘ 7‘2 (4 -3 Sin2 0) |\Iln,n—1,n—1> ~

in first-order perturbation theory, where the expectation value is expressed in spherical coordinates.
This shows that the h-h term can be treated as a perturbation in (61) because the Coulomb potential
energy is much greater than the energy shift in (83) even for large values of n, when the system
undergoes free fall in the Earth’s tidal gravitational field. The Parker and DeWitt energy shifts in

(53) and (83), respectively, are related by
ABEpy = 2-2-ABp, (84)
Rg

where y = % gt? is the distance fallen. It is noted here that AEp, unlike AEy.1, is non-zero at time
t = 0, where, for example, a laser-stimulated quantum transition occurs, and the atom is released
into free fall. The explicit time-dependence of AFEy., can be compared to the energy shift in a
classical system consisting of two masses joined by a spring. When the system is released into free
fall, there will be a time-dependent change in the potential energy of the spring as the two masses
converge towards the center of the Earth.

Note that actual free fall is not strictly required, since the tidal gravitational fields that cause
two massive objects to horizontally converge are present even in a system that has no local vertical
motion. Consider two horizontally-separated masses connected by a spring. Over short time scales,
when the gravitational acceleration and the distance from the center of Earth can be considered as
constant, a time-dependent shift in the spring energy will be present, which will be the same for a
freely-falling system, and a system that is placed on a flat, frictionless surface that is tangent to the
surface of the Earth.

As before, since the expectation value in (83) is the mean-square transverse size of the atom,

this size cannot change during free fall, according to first-order perturbation theory. In other words,
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as was the case for the same atom in the presence of an applied DC magnetic field, the atom is
“quantum incompressible” in the presence of the tidal gravitational field of the Earth, which tries
to squeeze the atom radially so as to continuously change its energy state, as if it were a dropped
rubber ring. Once again, one must make a distinction here between continuous compressions arising
from changes in the total potential energy (e.g. compression of the walls containing a quantum
object in an infinite square well), and the response of the system to a perturbing field. In the
gravitational case, once again, just as in the magnetic case, the energy-level shift brought about in
the atom by the Earth’s tidal gravitational field leads to a force on the atom in a Newtonian picture.
This force causes the atom to become a low-field seeker in an inhomogeneous field — in this case an
inhomogeneous gravitational field — through the relationship

F00), =~V (BB, = —gmeaie’ v (L) (55)

2 Ry,

This force will cause the atom to fall slightly more slowly in an inhomogeneous gravitational field
when its motion is compared to that of a freely falling, point-like, classical test particle located near
the center of mass of the atom.

For the h - p terms in (61), one starts by noting that the operator itself is purely imaginary, since
the momentum operator is proportional to ¢. Since the wavefunctions do not share this property,
and since the h - p operator (unlike the A - p operator) contains no derivatives with respect to ¢, it
is clear that the expectation value for the h - p operator will be purely imaginary.

In general, it can be shown that for any two quantum operators a and b that operate on a

wavefunction W',

(U']a-b|¥) = (¥'|bl - af|w’)", (86)

and in the special case that both a and b are Hermitian operators, i.e. al = a and bf = b,

(Vl|a-b|¥') = (¥'|b-a|¥)".
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Since both h and p are individually Hermitian operators, we have

(U] {h,p} |¥) = (¥|h - p|¥)+(¥|p - h|¥) = (¥[h- p|¥)+(¥[h-p|¥)" =2Re(Y|h p|¥) =0, (87)

and one sees that the operator {h,p} is Hermitian, with eigenvalue zero. Thus, the energy shifts
due to the interaction Hamiltonians that are proportional to {h,p} are zero for all states.

As with the A - A and A - p terms, for completeness, one must calculate the second-order per-
turbation term in {h,p} in addition to the first-order perturbation term in h-h. Similar to that

in (78), the full energy expression for an {h, p} perturbation is given by

\Ijn m |{h P}| \Ijn’l’m’>‘2
E,~EQ+ > (ot [{B, : (88)
" n'#n,l’ m’ E;LO) — ES?)

where the first-order term is omitted, since it was previously shown to be zero. However, the above
analysis that lead to the first-order {h,p} terms being zero can be generalized to show that the

expectation value satisfies

<\Ijnlm| {hu P} |\Ijn’l’m’> =0 (89)

for all wavefunction states ¥. Thus, all second-order {h,p} terms are zero as well.

Quantum incompressibility will hold as long as transitions out of the initial quantum state
U, n—1,n—1 cannot occur. It will also hold more generally for a time-varying tidal gravitational field,
as long as the characteristic frequency of this field is much less than the energy gap corresponding to
a quantum transition of the atom from the nth state to the nearest allowed adjacent states divided
by Planck’s constant, i.e., when the field is sufficiently weak to render any discontinuous quantum
jump out of the initial state ¥y, ;,—1,—1 highly improbable. The same consideration also implies
that the duration of free fall ¢ must be sufficiently short for the energy level shift given in (83) to
remain a small perturbation.

The time-dependence of the interaction Hamiltonian in (82) can be explained when one considers
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the following thought experiment. If, at time ¢ = 0, a quantum transition is made (e.g. excited by
laser stimulation), the wavefunction for the new state, which, to first order, has an energy given by
the sum of the unperturbed energy level and the expectation value of the interaction Hamiltonian
in (46), represents the initial state. For short time scales, the DeWitt energy shift, found by taking
the expectation value of the interaction Hamiltonian in (82), further perturbs the energy levels, as
measured by the distant inertial observer. This energy shift would cause a time-dependent change in
the transition frequency between two adjacent states, though this effect would be extremely difficult
to measure in the Earth’s gravitational field.

If a Rydberg atom with principal quantum number n ~103 were suspended at the surface of the
Earth, one could expect the possibility of a quantum transition to occur over a time scale on the
order of 10* years due to the DeWitt energy shift. For a Chandrasekhar-limit gravitational source,
the time scale is reduced to tens of days, and at the surface of a typical neutron star, the time scale
is reduced to milliseconds.

In the transverse-traceless gauge, the gravitational vector potential h is identically set to zero
everywhere, akin to performing a gauge transformation that sets the electromagnetic vector poten-
tial A identically equal to zero everywhere. Recall that since the magnetic field B is equal to the
curl of A, one can arbitrarily add a term that can be expressed as the gradient of a scalar function
to A without changing the value of the magnetic field, since the curl of any gradient is equal to the
zero vector. Thus, one can locally define a gauge where the electromagnetic vector potential is zero
at each point in space by choosing the scalar function such that its gradient is equal to the additive
inverse of A at that point. However, physical effects that depend on A, such as the Aharonov-
Bohm effect, are overlooked. In general relativity, one can describe the transverse-traceless gauge as
the coordinate system which is “locked-on” to freely-falling test particles in the gravitational field,
i.e. a coordinate grid whose intersections are defined in such a way as to co-move along with the
freely falling particles located at these intersections, as seen by the distant inertial observer. Thus,

the coordinate system itself is distorted by the gravitational field, and therefore no relative motion
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between the coordinate system and the freely falling particles is measured. Therefore, there can
never be any non-zero kinetic energy of the test particles as measured by the observer in this frame,
and thus the velocity field h is zero everywhere. In the DeWitt gauge, where measurements are
made by a distant inertial observer in asymptotically flat spacetime, global, holonomic effects can
be measured due to the presence of the gravitational vector potential [19]. Though the measure-
ments made from these two gauge choices are different, gauge invariance is still preserved, since
the two represent more than a simple gauge choice. The transverse-traceless gauge assumes that
the local spacetime coordinate grid is curved in such a way that the spacetime at infinity need not
be asymptotically flat, whereas the DeWitt gauge requires that spacetime be asymptotically flat at
infinity. Thus, a distant inertial observer situated in asymptotically flat space using the DeWitt
gauge measures relative motion between the freely-falling particles and his/her coordinate system,
and concludes that h is non-zero. Thus, these two gauges use a different model for spacetime itself,
with different boundary conditions at infinity, whereas gauge invariance only applies to different
coordinate systems within the same space. Further analysis of gauge invariance of the energy shifts

derived above is presented in the next section.
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5.5.3 Gauge Invariance of Energy Shifts

The energy shift in (83) cannot be transformed away by any particular gauge choice, just as (69)
cannot be transformed away either, since both can be expressed in terms of the square of the covariant
Riemann curvature tensor components R);, of the Earth’s gravitational field, where i = {1,2},
recalling that the Earth’s tidal field is isotropic in the x and y directions. The fact that the force in
(85) cannot be transformed away by gauge choice can be demonstrated by recasting this result in
terms of the Riemann curvature tensor arising from Earth’s gravity.

The two objects in Figure 1 obey the geodesic deviation equation of motion (EOM) [10]

d2£i

a2 _Réjofj ) (90)

where £' is the distance vector from one object to the other object (here ¢ = 1,2 and j = 1,2 corre-
spond to the horizontal x and y axes of the tangent plane to the midpoint between the two objects;
the z axis, which is the vertical axis with ¢ = j = 3, will be omitted throughout this calculation), ¢ is
the free-fall time, and R(i)jO are certain components of the Riemann curvature tensor (the zero index
corresponds to the time index, and repeated indices are summed in accordance with the Einstein
summation convention.) This EOM is valid assuming that the objects are nonrelativistic, i.e., that
they are moving slowly compared to the speed of light. Also, in the Newtonian limit (which is valid
for Earth’s weak gravitational field), recall from (26) that [10]
w 0%

where @ is the gravitational potential of Earth’s field. Thus the two objects experience tidal gravi-
tational fields according to the Newtonian viewpoint. Since the second partial derivatives of ® are
nonvanishing for Earth’s gravitational field, the Riemann curvature tensor from (91) is also nonvan-
ishing. Hence no coordinate transformation can cause this tensor, or any quantity that depends on

it, to vanish identically.
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Since the two objects in Figure 1 are being dropped from the same height above the Earth’s
surface, and since the tidal fields are isotropic in the x and y directions, the Riemann curvature

tensor is diagonal in the indices ¢ and j, i.e.,
. 1 . o
0j0 = 55;]{60 for {i,7} = {1,2}, (92)

where the prime denotes a partial contraction over the isotropic, horizontal spatial indices only, i.e.,
explicitly,

2
Ry = Z R0, (93)
i=1

which are components of the Ricci tensor. From a general relativistic viewpoint, this means that
the two objects are being squeezed horizontally along with space as they fall, so that they approach
the midpoint in between them. Therefore they converge towards each other during free fall.

For the case of two identical objects with mass m, the geodesic deviation EOM reduces to the
following Newton’s EOM for each object:

d2$i
dt?

= 7kcﬂ'$i 5 (94)

Fi:mgizm

where kg is an effective Hooke’s constant. In this case, the horizontal components of the acceleration
g; of the two objects is related to the relative acceleration between them as follows:
d*x; A2

/ ) j
200 =24 = g = ot

Now consider the free fall of the two objects through a hole which is dug across an entire diameter
of the Earth. It shall be shown that in this case the Riemann curvature tensor is a constant, and
that the motion of the two objects reduces to that of a simple harmonic oscillator, assuming that the
mass density of the Earth is a constant. Recall that Newton’s theorem of spheres (or equivalently,

Gauss’s theorem) implies that only the mass interior to the two objects as they fall is effective in
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contributing to the gravitational force, i.e.,

GMencm 4 pr® Gm _ 4AxGpm

F = = - .
|F| 2 5 2 57 = kerr (95)
Thus the effective Hooke’s constant is
471G
ko = % 7 (96)

where the mass density p of the Earth has been assumed to be constant. This implies that freely

falling masses undergo simple harmonic motion with a period of

21 [3m R3 Rgp
w Gp § \/ G Mg, g \ 9& ’ (O7)

where Rpg is the radius of the Earth, and Mg is its mass. Note that in accordance with the

equivalence principle, T' is independent of the mass m.

The free-fall trajectories are directed radially towards the center of the Earth, and so the incli-
nation angle does not change during free fall, using the approximation that the gravitational force
between the two falling objects is negligible. Therefore, by a similar-triangles argument to be given
below, the geodesic deviation EOM becomes the simple harmonic oscillator EOM with the same
period of motion as that of a single object falling down the hole.

Since the right triangles in Figure 1 remain similar during the free fall of these objects down
the hole, the distance between them scales proportionally to the radial distance to the center of the
Earth at all times. Therefore the geodesic deviation EOM has the form of that of a simple harmonic
oscillator with a frequency w, i.e.,

d’*z 472

—_pl 2
Tz —Ryjpr = —wr = ——5=

T (98)

where the period T of simple harmonic motion is the same for both the radial and the horizontal
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motions of the two objects. It is therefore concluded that the Riemann curvature tensor is a constant

within the interior of the Earth, and is given by

1 / _47T2_GME_gE
270 2 T RS Ry

R(l)lo = R%zo = (99)

where g is the acceleration due to Earth’s gravity at the surface of the Earth, which is a constant
that does not depend on the distance from the center of Earth, reserving the symbol ¢ for the
gravitational acceleration that varies with the distance from the center of Earth, and Mg is the
mass of the Earth.

DeWitt’s vector potential in this case can be expressed as
/ ]' /
h(.’t,y,t) = V(x7y7t) =g l=—>= <$7y7 - 2Z> = iRO(]t <x,y, - 2z> ) (100)

which is analogous to the expression for the electromagnetic vector potential in the symmetric gauge
choice

1 1
A:§er:—§ (y, — 2,0) , (101)

where the EM vector potential has been expressed in terms of the magnetic field B, which is a

homogeneous field, just as (100) expresses the gravitational vector potential in terms of the covariant

Riemann curvature field R, which is also a homogeneous field within the interior of the Earth.
The energy level shift expressed in terms of the Riemann curvature Ry is given by

mg*t?
2R?

2,242 2 2 42
(Tt |22 4 42 () & g 2 T 2007 (102)

(AEnn), = 2R? 8

which cannot vanish identically under any coordinate transformation.

The force on the Rydberg atom can also be expressed generally in terms of the Riemann curvature

ma?t? g° ma2t?
(Fus)y = =V(ABun), = ——5—V (RQ) == V(Eq) - (103)
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This force vanishes during the free fall down the hole dug through a diameter of the Earth, since
the Riemann curvature tensor is a constant. However, it is nonvanishing when the circular Rydberg
atom is above the surface of the Earth, leading to a time-dependent energy shift.

Though the energy shift in (102) is expressed in terms of the covariant Riemann curvature and
thus cannot be made to vanish identically by any gauge choice, the value of the shift itself will
be measured differently by observers in frames that have relative motion between them. This

phenomenon occurs even in special relativity, where the total energy E of the atom satisfies

E? = p*c® + M2 (104)

This energy is minimized in the frame that is co-moving with the atom (where p = 0), yielding the
rest energy E,.ss = Mc?. The rest energy is an invariant quantity which is agreed upon by all

observers.
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5.6 Down the Rabbit Hole: Free Fall Through a Massive Gravitational

Source

It was noted in the previous section that the Riemann curvature tensor is constant within a hole
drilled diametrically through the center of the Earth. This suggests that the behavior of a freely-
falling system could be different when falling through this hole, as compared to free fall that occurs
above the Earth’s surface. This is indeed the case, and the problem of free fall through the hole,
which will be henceforth dubbed as the “rabbit hole,” and abbreviated “RH,” will be explored

further.

5.6.1 Free Fall of Classical Systems Within the Rabbit Hole

Consider a system of massive test particles free falling through the RH. It will be shown that the
behavior of this system during free fall is quite different in the RH compared to free fall above the
surface of the Earth. For simplicity, consider the RH to be sufficiently narrow as compared to the
radius of the Earth, so that the Earth can be modeled as solid. Furthermore, the approximations
that the Earth is non-rotating, spherical, and has a constant density are made as well. See Figure

4.

Figure 4: A system of test particles with center of mass labeled by X freely falling through the RH.
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The gravitational potential ® of an object in the RH can be found using Gauss’ law for gravity,
given by

%g ~da= _47TGMcnca (105)

where da is a differential area element on the Gaussian surface, G is Newton’s gravitational constant,
and M.y, is the mass of the gravitational source that is enclosed by the Gaussian surface. By the

divergence theorem, (105) can be expressed as
/V g dV = —41G My (106)
Since the gravitational field is conservative, one can define a potential ¢ as
g=-Vo, (107)

and thus (106) becomes

/ V20 dV = 471G M,y (108)

Within the RH, one can consider a spherical Gaussian surface of radius r, over which VZ® is

constant. Thus,

4 4
Vo <37Tr3> =4rG (371'7‘3/)) , (109)

where p is the mass density of the FEarth, which is assumed constant. Thus, the potential is a

solution to the Poisson equation

92d 209
2p=—— +--"— =4 11
v or? * r or PG, (110)

which will be dependent only on the radius of the Gaussian sphere, due to the spherical symmetry

of the Earth.
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Substituting the ansatz

P = 017“2 + (DO (111)
into (110) yields
V2® = 6C; = 471pG, (112)
and thus the potential is given by
2 2
o= gﬂ'pGT + D, (113)

where the constant ®( is an arbitrary choice for the potential at the center of the sphere, where
the gravitational field is zero since the potential is constant. This value will be set to zero for the
moment, though this topic will be revisited in Section 5.8. By making a substitution for the mass

density of the Earth, the potential can be rewritten as

O=_n|—)Gr? =202 114
3”(;%3%) sy (114)

Thus, the gravitational potential energy is
V=md=9E2 (115)

2Rg

where m is the mass of an object in the gravitational field. This gravitational field causes interesting
behavior of a freely-falling system of particles. Gravitational acceleration increases linearly with
increasing distance from the center of the Earth, as opposed to a 1/r? dependence outside the RH.
If the hole is dug to the center of the Earth instead of diametrically across, two objects dropped
from rest at different heights will strike the bottom of the hole at the same time, regardless of their
initial positions, unlike free fall above the surface of the Earth, where the lower object will strike
the ground first. If the hole is dug past the center of the Earth, it is the object dropped further
from the center of the Earth which will strike the bottom of the hole first. Many of these results

are counter-intuitive, but are the nature of the difference between gravitational potential solutions
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to Laplace’s equation above the surface of the Earth, and Poisson’s equation within the RH.
Consider the same two objects that were freely falling in the gravitational field of a point mass,

introduced in Section 5.3. Let these two objects, the ring and the point-like mass, now undergo

free fall through the RH. For reasons that will become clear shortly, only the extended ring will be

considered here. The gravitational potential energy of a differential element of the ring is given by

ger? dm — ger?

dcx: = a5
Vext = 50 2Ry ¢

de, (116)

where p, is the linear mass density of the ring. Thus,

av

2ma

2 2
= gBT ( "L> a9 =2E ™ g 11
2Rg @ 2Rp 27 (117)

Integrating this expression, while noting that the prefactor of the differential angle element is inde-

pendent of 0, leads to

_ MgE 5 MYE 9 2}
= —2tp? = T (] — 11
2Rg " 2RE, ( y) e, (118)

where y is the distance fallen. This expression is the same as that in (115), which is expected by
symmetry, i.e. the distance from the center of the Earth is the same at each point in the ring.

The total energy of the ring, when dropped from rest at the opening of the RH, is

MYE ;9 9 1 mgga?
=— (R == R 119
2y, (FE+0%) = gmoli + =0 (119)
The potential energy is
mge 2 2
V=2 [(Ry - } 120
e [(Re—w)* +a (120
and thus the kinetic energy is
Mmyg 9
T=FE-V=—=(2 — . 121
Vv SRy (2Rpy — y*) (121)
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It can be seen from this expression that the kinetic energy of the ring undergoing free fall through
the RH is independent of a, and therefore will fall with the same velocity as the point-like object.
Recall that this was not the case for free fall in the gravitational field of the point mass, which is
the same gravitational field that the Earth produces (using the assumptions for the Earth described

in the beginning of this section) when M’ = My, when free fall occurs above the Earth’s surface.
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5.6.2 Free Fall of the Hydrogen Atom Within the Rabbit Hole

To analyze the behavior of the hydrogen atom in free fall within the RH, one can start by deriving
the velocity field of a particle within the freely falling system as measured from the center of mass of
the system. Consider the system shown in Figure 4, released from rest at time ¢t = 0, freely falling
down the RH. Let a single test particle within the freely falling system be at position r = (x1, x9, x3).
Without loss of generality, only the two-dimensional problem will be considered explicitly, since the
Earth has axial symmetry, and thus the effects are isotropic along the x; and zo dimensions, which
are transverse to the direction of motion of the center of mass of the test particle system during free
fall. The accelerations of the center of mass, and an arbitrary particle at position (x1,z3) = (x, 2)

are shown in Figure 5. The magnitude of the gravitational force of the Earth within the RH can

Do

Figure 5: Diagram showing the acceleration of a particle within the freely falling system, and the
acceleration of the center of mass of the system. Within the RH, the magnitude of the acceleration
is no longer proportional to the inverse square of the distance between an object and the center of
mass of the earth, but directly proportional to that distance.

be derived from Gauss’ law for gravity
j{g-da = —4A7G M, (122)

where da is a differential area vector normal to the Gaussian-like spherical surface of radius r, and G
is Newton’s gravitational constant. Since g is constant in magnitude and everywhere anti-parallel

to da over the Gaussian-like surface, and mass is equal to the product of volume and density, (122)
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becomes

g (471'7"2) =4nG (;lﬂpr?’) , (123)
and thus
g=—wrT, (124)
where
w= %WpG = ]%i (125)

This result, identical to that which was derived using the Riemann curvature tensor in Section 5.5.3,
shows that the gravitational acceleration of an object freely falling through the RH is proportional
to the radial distance from the center of the Earth. At the opening of the RH (i.e. the surface of
the Earth), M, is equal to the mass of the Earth, and so one recovers Newton’s inverse-square law
for gravity, continuously, when the Gaussian-like surface is at the surface of the Earth.

Using (124), it can be seen that the accelerations of the particle and of the center of mass of the

system are given by

gp —w?r, (sinf, cos ) = —w? (T, 2 + Tem) (126)

gm = —w(0,7em), (127)
and thus the acceleration of the particle with respect to the center of mass of the system is given by
rel = 8p — Bem = —w” (2,2). (128)

The equations that describe the motion of the particle with respect to the center of mass are thus

d2$7;
-7 = —w?x;, (129)
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which has solutions

ho s
%% Sinwt, (130)
w

T; = Tg,; coswt +

where z( ; and hg; are the initial position and velocity, respectively, of the particle with respect to
the center of mass along the z; axis, for i = 1,2, 3.

Differentiating (130) with respect to ¢ gives the components of the velocity field h as

L o . _ 2 h%’i 2
hi = —wzq i sinwt + ho; coswt = wi|zg; + —5 — 7. (131)
' w

For a Rydberg atom released from rest and allowed to fall down the RH, this velocity field simplifies

to
hi = wy/a2 — 22, (132)

where a,, is the atomic radius of the atom in the nth energy eigenstate. This velocity field will
become important when calculating gravitationally-induced energy shifts in the electron orbitals.

From (131), it is clear that the h - h operator satisfies
h-h=hi+w? (r§ —r?), (133)

where 1y and hg are the initial position and velocity of the particle with respect to the center of

mass, satisfying

Tg = Zx?,o (134)

ho = > hia (135)

respectively.

Consider the energy shift in a hydrogen atom in which its constituent particles begin with zero
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radial velocity with respect to the center of mass

2
ABnn = 5 (me (¥la? = r2|¥) +my, (¥]a} —r2|¥)) (136)

where the second term in the parentheses is due to the proton contribution. Since the proton and
electron move symmetrically about the center of mass of the atom, with the proton’s deviation scaled
down by a factor equal to the ratio of the masses of the electron and proton, and this deviation is

squared in the energy shift,

2
my (U]a2 — r2| W) o< my (:Z:) (U]aZ —r2|¥) = (:;;) me (U]aZ — r2|¥), (137)

and therefore the proton contribution will be three orders of magnitude smaller than that of the
electron. Thus, the proton term will be neglected, and the expression for the energy shift that will

be used for the hydrogen atom undergoing free fall in the RH is thus

Mew?

AEh‘h ~ T <\Il|ai — TE‘\I/> = M

2 .2
R <\Il\an 7’(,|\I/> (138)

From this expression, it can be seen that the energy shifts with the largest magnitude will correspond
to the states that have probability distributions that vary widely from the average atomic radius a,,
whereas the atom in states that have probability distributions that do not vary much from a,, will
experience small energy shifts.

Since the electron probability distribution peaks at the center of the atom for states with zero
angular momentum, and at a,, for the stretched states, it is expected that the largest magnitudes of
this shift will correspond to large values of n and small values of [, and that the circular states will

have small energy shifts which approach zero as n approaches infinity.
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Explicitly evaluating the energy shifts for the stretched states yields

nao

o 2n 2 T :.2n—1
mege | 2 2T fo r2nt2 exp (——) dr fo sin 0 db

AEh‘h ~ n (139)
2Ry 27 [ r?" exp (—%) dr [; sin** "1 0 db
_ MegE | o (na0)2
= s — (2 2)(2 1 .
3o a2 — (2n+2) 2+ 1) (5
As n becomes large, this energy shift becomes
Megr MeJgE
AEpn ~ 2Ry (az —n'ad) = 2Re (a2 —a2) =0, (140)

as expected.
One can see by substitution of (114) into (35) that the Parker interaction Hamiltonian for a

hydrogen atom that is freely falling through the RH is given by

_ MegE

H 2 141
P 2RE T, ( )
and that the energy shift is given by
MeJE 9
AEp = (V|Hp|W) = —— (U |r°|¥). 142
P(IPI)QRE<I7‘|> (142)

Repeating the analysis presented in Section 5.5.2, one can see that the expectation values of the

{h, p} operator will be zero for all states inside the RH, as they were outside.
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5.7 Classical Objects and Circular Rydberg Atoms in Free Fall

5.7.1 Classical Objects and Circular Rydberg Atoms in Free Fall Through the Rabbit

Hole

Inside the RH, it is clear from (115) that a point mass m has total energy

m h?
Ept,inside = %7 (143)

and from (118) that a thin, classical, rigid ring with mass m and radius a has total energy

Mexi g (B° +a%)  meageh® | meagpa®
Eext,inside =— QE%E ) = (‘2}{E + (‘Qt}EE = I/>t,inside + AEjext (144)

when released from rest a distance h from the center of Earth. Thus, the total energy of the ring
consists of a term that considers the point-like energy of the system, plus an additional term that
arises from its extended mass distribution.

Consider a Rydberg atom in the circular state, with a large value of n. The atom consists
of a point-like proton with mass m, and a ring-like electron with mass m.. Thus, the proton
contribution to the total energy is

mygeh?
Eer,inside = ;2}; ; (145)

and the electron contribution is

Megg (h2 + a%)

Eef inside =— 5 146
Jinsid I (146)
and thus the total energy of the atom is
M h2 . 2
Etot,insidc = I8 MeJEdn (147)

2Rg 2Rg

where M = m,, + m,. is the total mass of the atom. This form is similar to (144) in that there is
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a point mass energy for the atom, with an additional term for the electron orbital, which has an
extended mass distribution.

Furthermore, recall that the energy shift for the hydrogen atom in a circular Rydberg state due
to the Parker interaction Hamiltonian, shown in (53) is equal to the second term on the right side
of (147). Thus, the potential energy shift resulting from this interaction Hamiltonian is the same
energy shift due to an extended mass distribution of a classical system. Recall also that the energy
shift for this atom due to the DeWitt interaction Hamiltonian was zero for free fall through the RH,
suggesting that the highly excited Rydberg atom will behave like a thin, classical, rigid ring with

radius a,, when the two systems undergo free fall through the RH.

71



5.7.2 Classical Objects and Circular Rydberg Atoms in Free Fall in the Field of a

Point Mass

In Section 5.3, it was determined that a point mass m has total energy

GM'm
Ept,outside = _Tm = _mptghv (148)

and that a thin, classical, rigid ring with mass m and radius a has total energy

Mext gh2

Eext,outside = _\/ﬁ (149)

When the radius of the ring is small compared to the distance from the gravitational source, one

can perform a Taylor expansion about ¢ = 0 to find that

2
Mextga

—5, — t 0(a4)] : (150)

Eext,outside = - |:mextgh +
Thus, for short free fall distances near the surface of the Earth,

2
MextJE A > , (151)

ont,outsidc ~ - (mcxthRE + 2RE

which, again, has the form of a point mass energy plus an additional term due to the extended mass
distribution. An analysis similar to that done in equations (145)—(147) can be done to show that
the total energy for the circular Rydberg atom is given by

Me CL%
Etotﬁoutside = - MgERE + Je ) (152)
2Rg

where the second term arises from the energy shift due to the Parker interaction Hamiltonian. Note
that in both the classical and quantum cases here, the additional energy term causes the extended

system to become a low gravitational field seeker, and thus both the classical ring and the circular
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Rydberg atom will fall more slowly than a nearby, point-like test mass.
However, unlike the case for free fall inside the RH, here there is a non-zero, time-dependent
energy shift due to the DeWitt interaction Hamiltonian given by

2,2 2
megpta;,

AEh»h ~ QR%

(153)

Thus, as the atom undergoes free fall, there is an additional energy shift not seen in classical
systems, or even in the same atom undergoing free fall through the RH. As mentioned before, this
is a positive-definite energy shift that causes the atom to experience a gravitational diamagnetism
force, in addition to the gravitational diamagnetism force experienced by extended systems in tidal
fields. This phenomenon will result in an atom falling more slowly than the classical rigid ring with
the same radius (i.e. a;), which in turn falls more slowly than a point mass, though the effect would
be extremely difficult to measure experimentally during free fall in the Earth’s gravitational field.

Nevertheless, this is a novel, quantum-mechanical effect that cannot be explained classically.
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5.8 Gravitational Potential Inside and Outside the Rabbit Hole

An astute reader may notice that the two expressions for the total gravitational energy inside and
outside the RH are not equal at the opening of the RH. Specifically, when h = Ry, the energy in
(143) is only half the energy in (148). Thus, there is a discontinuity at the opening of the RH.
This is not a physical discontinuity, however. Recall that the gravitational potential ® was set to
zero at the center of Earth for the case of the RH, and set to zero at infinity for free fall above the
surface of the Earth. This is appropriate when considering free fall that occurs entirely above or
below the surface, since the gravitational acceleration is proportional to the gradient of ®, so adding
an arbitrary constant potential does not change the physical results. In other words, it is only
the difference in potential between two points that leads to physical effects, not the values of the
individual potentials themselves. However, these two expressions for the gravitational potential are
incompatible when the free fall of a massive system crosses the threshold of the RH. Though this
scenario will not be considered in detail here, a gravitational potential that is valid both inside and
outside the RH will be derived.
Recall from (113) that the solution to Poisson’s equation for a point mass in free fall within the
RH is given by
i, (1) = %ﬂpGr2 + @iy = QQTEETQ + P@g.in - (154)

The solution to Laplace’s equation for a point mass in free fall outside the RH is given by
¢
(I)out (T) = 7 + (I)O,out- (155)

One can arbitrarily choose a point of zero potential, which will be at infinity here, so ®¢ ¢ = 0.

Since the two expressions and their first derivatives must be equal at the opening of the RH,

1 c
(I)in (RE) = 7gERE + (I)O,in = L = (bout (RE) (156)
2 Rg
dq)in C1 dq)out
dr r=Rg 98 R]%] dr r=Rg ( )
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From (157), it is clear that ¢; = —gr R3, and thus the full expression for the gravitational potential

outside the RH is given by

R2
Doy (r) = —QETE. (158)
Substituting ¢; into (156) yields
1
EQERE + @y in = —geRE, (159)
and thus
3
Do in = *ggEREv (160)
and the full expression for the gravitational potential inside the RH is given by
ge o 3
i, (1) = r“ — —gp RE. (161)

2Rg 2

For the purposes of graphical depiction of the gravitational potential ® and the gravitational

acceleration g = —%, the dimensionless variables ® = RLE, Q= Q;LRE, and G = g% are introduced.
The dimensionless expressions for the gravitational potentials as are given by
L oo
Qi (R) = 3 (R? -3) (162)
Qi (R) = —= (163)
out - §R7
and the dimensionless gravitational accelerations are given by
Gn(R) = R (164)
1
Gouws (R) = e (165)

A plot of the dimensionless potentials and accelerations are shown in Figure 6.
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Figure 6: Plot of dimensionless gravitational acceleration and potential functions that are valid for

regions both inside and outside the RH.
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5.9 Conclusions

Though it was shown by way comparison of (144) and (147), and the fact that the DeWitt energy
shift was shown to be zero in (140), that a circular Rydberg atom freely falling through the RH will
behave similarly to a classical rigid ring with the same radius in the limit n — oo, it is noted that
there exists a non-zero, negative-definite shift for all finite energy states that arises from the kinetic
energy term in the full Hamiltonian (61). Recall that the large-n limit is an approximation, and
that a negative energy shift, given by (138), occurs for any finite value of n, even in the stretched
state. This will cause the atom to become a high-field seeker, suggested by the analysis appearing in
(85), and thus fall at a higher rate than that of a classical system, regardless of the mass distribution
of the classical system. This is, again, a novel quantum-mechanical effect that cannot be explained
classically, since it can be seen from the analysis presented in equations (7)—(11) that no classical
object should fall faster than a point mass in the Earth’s gravitational field. Furthermore, since the
energy shift is negative, the tidal gravitational field acts to force the electron wavefunction into a
lower energy state, though as mentioned in Section 5.4, only in highly unusual circumstances will
such a quantum transition take place in the Earth’s gravitational field. The analysis of the quantum
transition was performed for the time-independent energy shift, but a similar conclusion is reached
for the time-dependent energy shifts in the Earth’s gravitational field and short free fall times.

It was also shown that a positive-definite energy shift arises from the kinetic energy term of the
full Hamiltonian operator when the atom is freely-falling outside the RH, i.e. above the Earth’s
surface. It becomes clear that this energy shift is positive definite when one varies azimuthal
angle 6 in (83). The fact that the shift is positive causes the atom in a circular Rydberg state
to fall at a slower rate than a classical rigid ring with the same radius as the atom, and an even
slower rate compared to that of a point mass. Note that for free fall above the Earth’s surface,
the fact that the time-dependent energy shift is positive suggests that as the atom falls, the tidal
gravitational field acts to force the electron wavefunction into a higher energy state, though again,

such a transition is extremely unlikely in the gravitational field of the Earth. This result suggests

7



that the tidal gravitational field of the Earth acts to compress a classical ring such that its radius
becomes smaller, whereas the same field acts to increase the atomic radius of a circular Rydberg
atom. Though this result is somewhat counter-intuitive, it suggests that a hydrogen atom in the
ground state will eventually be ionized, i.e. “torn apart,” as it falls into a black hole, as expected.
Note that the time-independent energy shift from the potential energy term of the full Hamiltonian
operator is zero for the ground state, or any state with angular momentum quantum number equal
to zero, further suggesting that this energy shift is an incomplete analysis. This energy shift can
be positive, negative, or zero, depending on the initial state of the hydrogen atom.

Energy shifts corresponding to various initial wavefunction states are presented in Table 1 below.

’ n, lv |mf| H A-EP,outside (GV) H A-El:’,inside (GV) ‘ ,%2 ) A-Eh-h,outside(esiy) ‘ A-Eh~h,inside (GV) ‘
1,0,0 0 3.7x 1078 1.1x107% —2.4 x 107
2,0,0 0 5.1 x 10737 1.6 x 10~%2 —4.6 x 1077
2,1,0 —2.9x 10737 3.7 x 10737 1.6 x 10~%2 —3.2x 10777
2,1,1 1.5 x 10737 3.7 x 10737 9.0x10~% —3.2x 10777
10,9,9 1.2 x 10734 1.4 x 10737 1.9 x 10740 —1.9x107%
100,99, 99 1.2 x 10730 1.2 x 10730 1.9 x 10736 —1.8x 10732
1000,999,999 | 1.2 x 10726 1.2 x 10~% 1.9 x 10732 —1.8x 1072

Table 1: Energy shifts for various wavefunction states
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6 Reflection of Gravitational Microwaves from Thin Super-

conducting Films

6.1 Abstract

Thin superconducting films are predicted to be highly reflective mirrors for gravitational waves at
microwave frequencies. The quantum mechanical delocalization of the negatively charged Cooper
pairs causes them to undergo non-geodesic motion in the presence of a gravitational wave, whereas
the decoherence-induced localization of the positively charged ions in the lattice causes them to
undergo geodesic motion in the presence of the same wave. The resulting charge separation leads to a
virtual plasma excitation within the superconductor that enormously enhances its interaction with a
gravitational wave, relative to that of a neutral superfluid and all normal matter. This enhancement,
dubbed the “Heisenberg—Coulomb effect,” implies the specular reflection of a gravitational microwave
even from a very thin superconducting film. The argument is presented using the BCS theory of

superconductivity and a superconducting plasma model.
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6.2 Introduction

One consequence of the relative motion between the lattice ions and the electron superfluid is that
it predicts thin superconducting films to be highly reflective mirrors for gravitational waves at mi-
crowave frequencies. The quantum mechanical non-localizability of the negatively charged Cooper
pairs, which is protected from the localizing effect of decoherence by an energy gap, causes the
pairs to undergo non-picturable, non-geodesic motion in the presence of a gravitational wave. This
non-geodesic motion, which is accelerated motion through space, leads to the existence of mass and
charge supercurrents inside the superconducting film. On the other hand, the decoherence-induced
localizability of the positively charged ions in the lattice causes them to undergo picturable, geodesic
motion as they are carried along with space in the presence of the same gravitational wave. The
resulting separation of charges leads to a virtual plasma excitation within the film that substan-
tially enhances its interaction with the wave, relative to that of a neutral superfluid or any normal
matter. The existence of strong mass supercurrents within a superconducting film in the presence
of a gravitational wave, dubbed the “Heisenberg-Coulomb effect,” implies the specular reflection of
a gravitational microwave from a film whose thickness is much less than the London penetration
depth of the material, in close analogy with the electromagnetic case. The argument is developed by
allowing classical gravitational fields, which obey Maxwell-like equations, to interact with quantum
matter, which is described using the BCS and Ginzburg-Landau theories of superconductivity, as
well as a collisionless plasma model. Several possible experimental tests of these ideas, including
mesoscopic ones, are presented alongside comments on the broader theoretical implications of the

central hypothesis.

Not enough effort has been made to investigate the ramifications of the gravitational Maxwell-like
equations for the interaction of GR waves with matter, perhaps because the so-called “electromag-
netic analogy” has been so hotly contested over the years [20]. In any case, these equations may

provide a helpful framework for thinking about the response of non-relativistic matter to weak,
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time-varying gravitational fields, especially that of macroscopically coherent quantum charge and
mass carriers, namely, the Cooper pairs of conventional, type I superconductors. It is argued here
that the electromagnetic analogy manifested in the Maxwell-like equations implies that type I su-
perconductors can be surprisingly efficient mirrors for GR waves at microwave frequencies.

In Section 6.3, two basic claims are introduced upon which the larger argument rests. Together,
these two claims open the door to an enormously enhanced interaction between a GR microwave
and a type I superconductor, relative to what one would expect in the case of a neutral superfluid
or, indeed, any normal metal or other classical matter. The first claim is that a GR microwave will
generate quantum probability supercurrents, and thus mass and electrical supercurrents, inside a
type I superconductor, due to the quantum mechanical non-localizability of the Cooper pairs within
the material.

The non-localizability of Cooper pairs, which is ultimately due to the Uncertainty Principle (UP),
causes them to undergo non-picturable, non-geodesic motion in the presence of a GR wave. This
non-geodesic motion, which is accelerated motion through space, leads to the existence of mass and
charge supercurrents inside a superconductor. By contrast, the localizability of the ions within the
superconductor’s lattice causes them to undergo picturable, geodesic motion, i.e., free fall, in the
presence of the same wave. The resulting relative motion between the Cooper pairs and the ionic
lattice causes the electrical polarization of the superconductor in the presence of a GR wave, since
its Cooper pairs and ions carry not only mass but oppositely signed charge as well.

Furthermore, the non-localizability of the Cooper pairs is “protected” from the normal process of
localization, i.e., from decoherence, by the characteristic energy gap of the Bardeen-Cooper-Schrieffer
(BCS) theory of superconductivity. The decoherence of entangled quantum systems such as Cooper
pairs (which are in the spin-singlet state) is the fundamental cause of the localizability of all normal
matter [21]. Indeed, this “classicalizing” process must occur within any spatially extended system
before the idea of the “universality of free fall” [22] can be meaningfully applied to its parts. After

all, the classical principle behind the universality of free fall, the Equivalence Principle (EP), is a
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strictly local principle [23].

The second of the two claims presented in Section 6.3 is that the mass supercurrents induced by
a GR wave are much stronger than what one would expect in the case of a neutral superfluid or any
normal matter, due to the electrical polarization of the superconductor caused by the wave. This is
referred to as the “Heisenberg-Coulomb (H-C) effect.” The magnitude of the enhancement due to
the H-C effect (derived in Section 6.8) is given by the ratio of the electrical force to the gravitational

force between two electrons,

e2

m == 42 X 1042 5 (166)
0 e

where e is the electron charge, m, is the electron mass, g is the permittivity of free space, and G
is Newton’s constant. The enormity of (166) implies the possibility of an enormous back-action of a
superconductor upon an incident GR wave, leading to its reflection.

Of the four fundamental forces of nature, viz., the gravitational, the electromagnetic, the weak,
and the strong forces, only gravity and electricity have long range, inverse square laws. The pure
number obtained in (166) by taking the ratio of these two inverse-square laws is therefore just
as fundamental as the fine structure constant. Because this number is so large, the gravitational
force is typically ignored in treatments of the relevant quantum physics. But as shown below, a
semi-classical treatment of the interaction of a superconductor with a GR wave must account for
both the electrodynamics and the gravito-electrodynamics of the superconductor, since both play
an important role in its overall response to a GR wave.

In Section 6.4, the interaction between an EM wave and a thin metallic film, having an arbi-
trary, frequency-dependent complex conductivity, is considered. The relevant boundary conditions
are determined using Faraday’s and Ampere’s laws in order to derive general expressions for the
transmissivity and reflectivity of a thin film. In Section 6.5, it is shown that, in the case of a super-
conducting film, the BCS theory implies that EM waves at microwave frequencies will be specularly
reflected even from films whose thickness is less than the London penetration depth of the material,

or, equivalently (at sufficiently low frequencies), less than the material’s plasma skin depth, as has
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been experimentally observed [24, 25]. Tt is shown, furthermore, that the frequency at which reflec-
tivity drops to 50%, what is referred to as the “roll-off frequency” w;, depends only on the ratio of
the speed of light ¢ to a single parameter, the length scale [}, associated with the kinetic inductance
Ly of the film’s Cooper pairs [26], which in turn depends on the plasma skin depth ¢,. In the
electromagnetic case, the microscopic size of d,, leads to a microscopic value for [l and thus to the
possibility of specular reflection over a wide range of frequencies (including microwave frequencies)
in the EM case.

In Section 6.6, the Maxwell-like equations for linearized Einsteinian gravity are reviewed and
highlight the fact that any normal matter, with its inherently high levels of dissipation, will neces-
sarily be an inefficient reflector of GR waves because of its high impedance relative to the extremely
low “gravitational characteristic impedance of free space” Zg (2.8 x 10~ in SI units). Superconduc-
tors, on the other hand, are effectively dissipationless at temperatures near absolute zero because of
their quantum mechanical nature [25]. The fact that a superconductor’s effectively zero impedance
can be much smaller than the very small quantity Zq allows it to reflect an incoming GR wave, much
as a low-impedance connection or “short” at the end of a transmission line can reflect an incoming
EM wave.

In Section 6.7, we appeal to the Maxwell-like equations introduced in Section 6.6, to the iden-
ticality of the boundary conditions that follow from them, and to the linearity of weak GR-wave
optics, in order to introduce GR analogs of the earlier EM expressions for the reflectivity and roll-off
frequency. As in the EM case, the GR roll-off frequency w; ¢ can be expressed as the ratio of the
speed of light ¢ to a single parameter. In this case, however, the relevant parameter is the length scale
lx ¢ associated with the gravitational kinetic inductance Ly ¢ of the Cooper pairs. In this section we
treat the superconductor as if it were a neutral superfluid, i.e., as if its Cooper pairs were electrically
neutral particles interacting with one another and the with ionic lattice exclusively through their
mass. Although this assumption is unphysical, it leads to a result in agreement with conventional

wisdom, namely, that the gravitational plasma skin depth §,, ¢ and the kinetic inductance length
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036 m, respectively). Such enormous values

scale Iy ¢ will be astronomical in size (~ 101 m and ~ 1
imply that w, ¢ will be effectively zero, and thus that superconductors cannot function as mirrors
for GR microwaves in laboratory-scale experiments.

In Section 6.8, we show why the approach taken at the end of the previous section, in accord
with conventional wisdom, may be wrong. It might be possible for superconductors to function as
laboratory-scale mirrors for GR microwaves because of the H-C effect. When one takes into account
the electrical charge separation induced within a superconductor by a GR wave (due to the BCS-
gap-protected non-localizability of its Cooper pairs), the ratio given in (166) enters into the analysis
in such a way as to keep Iy ¢ microscopic and to raise wy ¢ to the level of w,. Thus the H-C effect
greatly enhances the reflection of a GR wave from the surface of a superconductor — by 42 orders of
magnitude! — relative to what one would expect from a neutral superfluid, a normal metal, or any
normal matter.

Because both charge supercurrents and mass supercurrents are generated by an incoming GR
wave (and by an incoming EM wave), it is also necessary to consider whether superconducting films
are not mirrors but rather transducers, i.e., converters, of GR radiation into EM radiation (in the
case of an incident GR wave), or vice versa (in the case of an incident EM wave). In Section 6.9, we
take up this particular question and show that transduction in both directions is too weak to decrease
reflection by any appreciable amount. In section 6.10, however, we show that energy is conserved
only when transduction is included in the overall analysis as an effective absorption mechanism.

Finally, in Section 6.11 we indicate several possible experimental tests of the basic claims ad-
vanced in the paper and offer brief comments on the broader theoretical implications of our central
hypothesis. Whereas present GR-wave experiments aim to passively detect GR waves originating
from astrophysical sources, our argument implies the possibility of several new types of laboratory-
scale experiment involving GR waves. One type would test the physics behind the Heisenberg-
Coulomb effect by looking for a departure from geodesic motion in the case of two coherently

connected superconducting bodies that are allowed to fall freely through a distance large enough to
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observe tidal effects. A second type would investigate the existence and strength of any gravitational
Casimir-like effect between two type I superconductors. Yet a third type, involving an electrically
charged pair of superconductors, would allow for more direct investigation of the existence and prop-
erties of GR-waves, the results of which would bear significantly on the search for a quantized theory
of gravity.

Three appendices address ancillary issues: (6A) the relationship between the magnetic and kinetic
inductances of a thin film, (6B) the kinetic inductance length scale according to a collisionless
plasma model, and (6C) the relationship between the impedance argument given in Section 6.6 and
Weinberg’s argument regarding the scattering cross-section of a Weber-style resonant bar antenna,
including an application of the Kramers-Kronig relations to the sum rule for the strength of the

interaction between a GR wave and a superconductor.
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6.3 The Uncertainty Principle Limits the Applicability of the Equivalence

Principle

It is helpful to begin the analysis with a simple model of the interaction between a weak GR wave
and a normal metallic film. For the sake of eventually considering the possibility of mirrors (i.e.,
the possibility of “ray” optics), we will assume here and throughout that the lateral dimensions of
the film are very large when compared to the wavelength of the incident wave. Focusing on waves
with very high frequencies, i.e., microwaves, will allow us to treat the ions and normal electrons of
a laboratory-scale film as though they were freely floating, non-interacting “dust” or point particles
undergoing free fall along classical trajectories, i.e., traveling along geodesics.

Although it would be possible in principle, in this approximation, to detect the passage of a GR
wave over the film by observing the geodesic deviation among its different components (the principle
underlying LIGO), the film cannot, in this approximation, interact energetically with a very high
frequency GR wave. It cannot absorb or scatter any of the wave’s energy because each of its localized
particles must, according to the EP, travel along a geodesic, i.e., each particle must remain at rest
with respect to its local, co-moving, and freely-falling inertial frame [27]. And since there can be
no energetic interaction with the wave, mass currents cannot be generated locally within the film
without violating the conservation of energy.

It is true that a distant inertial observer will see the “dust” particles undergo quadrupolar motion,
and will thus expect the film to emit GR radiation. But this apparent paradox can be resolved by
noting that the wave causes the film’s ions and normal electrons (which are to be treated as test
particles whose masses and gravitational fields are negligible) to be carried along with space rather
than accelerated through space. Only the latter kind of motion, in which the wave does work on
the particles, and hence transfers kinetic energy to them, leads to the time-varying mass quadrupole
moment that enters into Einstein’s quadrupole formula for the emission of GR radiation (see Figure
7).

The classical concept of a “geodesic” depends fundamentally upon the localizability, or spatial
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Figure 7: A snapshot of a square metallic plate with a very high frequency GR wave incident upon
it at the moment when the gravitational tidal “forces” on the plate are those indicated by the
hyperbolae, as seen by a distant observer. All ions, being approximately in free fall, are carried
along with space rather than accelerated through space. No work is done on them, and thus no
kinetic energy is transferred to them, by the wave. When the metal in the plate is normal, all ions
and all normal electrons locally co-move together along the same geodesics in approximate free fall,
so that the plate remains neutral and electrically unpolarized. However, when the plate becomes
superconducting, the Cooper pairs, being in non-local entangled states, remain at rest with respect
to the center of mass according to the distant observer, and do not undergo free fall along with the
ions and any residual normal electrons. This non-picturable, non-geodesic, accelerated motion of
the Cooper pairs through space leads to picturable quantum probability supercurrents, which follow
the same hyperbolae as the incident tidal GR wave fields (see Eqgs. (227)-(234)). Since the Cooper
pairs carry not only mass but also charge, both mass and electrical supercurrents are generated, and
both types of current carry energy extracted from the gravitational wave. In the snapshot shown,
this leads to the accumulation of positive charge at B and D, and to the accumulation of negative
charge at A and C, i.e., to a quadrupolar-patterned electrical polarization of the superconductor.
The resulting enormous Coulomb forces strongly oppose the effect of the incoming tidal gravitational
fields, resulting in the mirror-like reflection of the incoming GR wave.

separability, of particles. From a quantum mechanical point of view, localizability arises ultimately
from the decoherence of entangled states, i.e., from the “collapse” of nonfactorizable superpositions
of product wavefunctions of two or more particles located at two or more spatially well-separated
points in space, into spatially separable, factorizable, product wavefunctions, upon the interaction
of the particles with their environment. Decoherence typically occurs on extremely short time-scales
due to the slightest interaction with the environment [21]. Whenever it does occur, one can speak
classically of point particles having trajectories or traveling along geodesics. Only after decoherence

has occurred does the Equivalence Principle become a well-defined principle, for only then does a
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particle’s geodesic become well defined. In other words, only through decoherence does the law of
the “universality of free fall,” i.e., the experimentally well-established claim that “the gravitational
acceleration of a point body is independent of its composition” [22], become meaningful.

Entangled quantum states imply the nonlocalizability of particles, in the sense that such states
lead to experimentally well-confirmed violations of Bell’s inequalities [28, Chapters 6 and 19]. We
claim here that Cooper pairs are completely non-localizable within a superconductor, not only in
the sense of Heisenberg’s Uncertainty Principle, but also because each electron in a given Cooper
pair in the BCS ground state is in an entangled state, since each pair is in a superposition state
of the product of two electron wavefunctions with opposite momenta, and also simultaneously in
a superposition state of the product of two opposite electron spin-1/2 states (i.e., a spin-singlet
state). The violation of Bell’s inequalities by these entangled states in the BCS ground state means
that this state is non-local, in the sense that instantaneous correlations-at-a-distance between the two
electrons of a given Cooper pair must occur in the superconductor upon remote measurements within
a long, single continuous piece of superconductor (the distance between these remote measurements
can be arbitrarily large). Although these instantaneous correlations-at-a-distance cannot be used to
send signals faster than light [28], they also cannot be accounted for in any local, realistic theory
of quantum phenomena, including those which satisfy the completeness conditions demanded by
Einstein, Podolsky, and Rosen (EPR) [29].

The localizability or spatial separability of all particles, as envisioned by EPR, would of necessity
lead to the universal validity of the Equivalence Principle, and thus to the idea that even Cooper pairs
must undergo geodesic motion (i.e., free-fall) within a superconductor in response to an incident GR
wave. There could be no relative motion between the Cooper pairs and the ions, no spatial separation
of charges inside the superconductor, and no enhancement, even in principle, of the superconductor’s
interaction with a GR wave relative to that of a normal metal interacting with the same wave.
But Cooper pairs are manifestly not localizable within the superconductor, since they are fully

quantum mechanical, non-local systems. For this reason the “dust-particles-following-geodesics”
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model introduced earlier must fail in the case of a superconductor, even as a first approximation
[30].

When a conventional, type I superconductor is in the BCS ground state, each of its Cooper
pairs is in a zero-momentum eigenstate relative to the center of mass of the system. According
to Heisenberg’s Uncertainty Principle (UP), the fact that the Cooper pairs’ momenta are perfectly
definite entails that their positions within the superconductor are completely uncertain, i.e., that
the pairs are non-localizable. The motion of a given Cooper pair within the superconductor is
irreducibly quantum mechanical in nature, being related to the pair’s wavefunction. Such motion
cannot be pictured in terms of a well-defined trajectory or geodesic [31]. Indeed, at a conceptual
level, the ascription of a “trajectory” or “geodesic” to a given Cooper pair within a superconductor
becomes meaningless in the BCS ground state. This is similar to what Bohr taught us concerning
the meaninglessness of the concept of “orbit” in the ground state of the hydrogen atom during its
interaction with radiation fields [32, pp. 113ff].

The robustness of the BCS ground state in the face of perturbations is guaranteed by the BCS
energy gap, which “protects” the Cooper pairs from making quantum transitions into excited states,
such as happens in pair-breaking (as long as the material is kept well below its transition temperature
and the frequency of the incident radiation is below the BCS gap frequency [33]). The energy gap
prevents the pairs from decohering, and from becoming localized like the superconductor’s ions and
any residual, normal conduction electrons [34]. If the Cooper pairs cannot be thought of as localizable
point bodies, then the “universality” of free fall cannot be meaningfully applied to them. In short,
an application of the EP to the motion of Cooper pairs within a superconductor is fundamentally
precluded by the UP. This is not to make the well-known point that quantum field theories may
lead to measurable “quantum violations of the EP” due to possible “fifth-force” effects that produce
slight corrections to particle geodesics (see, for example, Adelberger [22] and Ahluwalia [35]), but
rather to observe that the non-localizability of quantum objects places a fundamental limit on the

applicability of the EP (a point previously raised by Chiao [36, esp. Section V]).
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In contrast to a superconductor’s non-localizable Cooper pairs, its ions (and, at finite tempera-
tures, any residual background of normal electrons) are unaffected by the energy gap, and are thus
fully localized by the decohering effect of their interactions with the environment. Thus, unlike
Cooper pairs, the ionic lattice possesses no coherent quantum phase anywhere. The geodesic motion
of the ions will therefore differ from the non-geodesic motion of the Cooper pairs. The latter, which
is accelerated motion through space, implies the existence of quantum probability supercurrents,
and thus of mass and electrical supercurrents, inside the superconductor (see Figure 7). These
supercurrents will carry energy extracted from the GR wave. The possibility of a non-negligible
energetic interaction between a GR wave and a superconductor depends crucially upon this initial
claim, which is implied by the absence of the localizing effect of decoherence upon the Cooper pairs.

Before we turn to the second claim, it is worth noting that the non-geodesic motion of a super-
conductor’s Cooper pairs also follows from what London called the “rigidity of the wavefunction”
[37]. The phase of the wavefunction of each Cooper pair must be constant in the BCS ground state
prior to the arrival of a GR wave. This implies that the gradient of its phase is initially zero. Since
an incoming GR wave whose frequency is less than the BCS gap frequency cannot alter this phase
(in the lowest order of time-dependent perturbation theory), and since the canonical momentum of
any given pair relative to the center of mass of the superconductor is proportional to the gradient
of its phase, the canonical momentum of each pair must remain zero at all times with respect to the
center of mass of the system in the presence of a GR wave, as seen by the distant inertial observer.

This quantum-type rigidity implies that Cooper pairs will acquire kinetic energy from a GR wave
in the form of a nonzero kinetic velocity, i.e., that they will be accelerated by the wave relative to
any local inertial frame whose origin does not coincide with the center of mass of the system (for
example, at the corners of a large, square superconducting film; see Section 6.8). In other words,
the apparent “motionlessness” of the Cooper pairs in the presence of a GR wave, as witnessed by
a distant inertial observer, in fact entails their accelerated motion through local space. Again, this

behavior implies the existence of mass supercurrents inside the superconductor that carry energy
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extracted from the wave.

Of course, even normal matter such as in a Weber-style resonant bar detector has some extremely
small degree of rigidity arising from its very weak interatomic coupling. Thus normal matter does
not, strictly speaking, behave as a collection of freely falling, noninteracting “dust particles” in the
presence of a very low frequency GR wave. Instead, like the Cooper pairs, but to a much smaller
degree, and at much lower frequencies than the microwave frequencies being considered here, normal
matter opposes the squeezing and stretching of space going on around it (as Feynman pointed out in
his well-known remarks on why GR waves must carry energy [38]). Thus, even normal matter will
acquire an extremely small amount of kinetic energy as it is accelerated through space by a passing
GR wave. In this case, though, high levels of dissipation inside the material will cause whatever small
amount of energy is extracted from the GR wave to be overwhelmingly converted into heat instead
of being predominantly re-radiated as a scattered GR wave (as Weinberg has pointed out [39]). A
key feature of the mass supercurrents carried by Cooper pairs is that they are dissipationless. We
shall return to this particular point in Section 6.6.

The second basic claim underlying the paper’s larger argument follows from the dual nature
of the supercurrents generated by a GR wave within a superconductor. Since a GR wave will
generate both mass and charge supercurrents, it will electrically polarize the superconductor. This
important observation implicates the Coulomb force of attraction between the oppositely signed
charges that must accumulate at the edges of the superconductor, if there is to be no violation of
charge conservation (see Figure 7). These oppositely signed charges will consist of negatively charged
Cooper pairs, on the one hand, and corresponding, positively charged Cooper-pair holes (hereafter,
“holes”), on the other. An incoming GR wave with a frequency well below the superconductor’s
plasma frequency will thus generate a virtual plasma excitation inside the superconductor. The
resulting Coulomb force between the Cooper pairs and holes, which acts as a Hooke’s law restoring
force, strongly opposes the effect of the incident wave. The enormous back-action of this force on the

motion of the Cooper pairs greatly enhances their mass conductivity (see Section 6.8), to the point
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where specular reflection of an incident GR wave from a superconducting film becomes possible. The
existence of strengthened mass supercurrents within a superconductor, which is due to the combined
effect of the quantum non-localizability of the Cooper pairs and the Coulomb attraction between
the pairs and holes, is what we refer to as the “Heisenberg-Coulomb effect.”

Consider, by way of contrast, what happens when a GR wave impinges on a superfluid, whose
constituent particles are electrically neutral. Mass supercurrents will again be induced by the wave,
due to quantum non-localizability, but in this case there will be no enhancement effect because the
mass carriers within a superfluid are its electrically neutral atoms. Thus no appreciable fraction
of incident GR-wave power can be reflected from the surface of a neutral superfluid. On the other
hand, one might worry that the size of the H-C effect in a superconductor would drive its mass
supercurrents above the critical level, thereby undermining the possibility of specular reflection.
But it should always be possible to arbitrarily reduce the amplitude of the driving radiation field
until the superconductor responds linearly to the field (see the related discussion of superluminality
at the end of Section 6.8). The existence of a linear-response regime guarantees the possibility of

fabricating linear GR-wave optical elements, including mirrors.
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6.4 The Interaction of an EM Wave with a Thin Metallic Film

The question of the interaction of an EM wave with a metallic film whose thickness d is small
compared to the wavelength can be addressed using “lumped-circuit” concepts such as resistance,
reactance, inductance, etc., of an infinitesimal square element of the film. (As before, we assume, for
the sake of considering mirror-like behavior, that the lateral dimensions of the film are at least on par
with the wavelength of the incident wave.) In this section we derive a formula for the transmissivity
T as well as the reflectivity R of a thin metallic film with an arbitrary, frequency-dependent complex

conductivity. In the next section we apply this analysis to the case of a superconducting film.

Eincident
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Figure 8: A thin metallic film of thickness d is straddled by a rectangular loop (dashed lines) for
applying Faraday’s law to it. An incident EM wave is partially transmitted and partially reflected
by the film. The EM wave generates an electrical current density j, which flows uniformly inside the
film. A similar rectangular loop (not shown) lying in a plane parallel to the magnetic fields (denoted
by the circles with central dots) is for applying Ampere’s law.

The complex amplitude reflection coefficient r corresponding to the proportion of incident EM
radiation at frequency w reflected from a thin film and the complex amplitude transmission coefficient
t corresponding to the proportion of the same radiation transmitted through the film can be defined

as follows:

Ereﬂected = rEincident (1673)

Etransmitted = tEincident . (167b)
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By convention, r, if it is real, is defined to be positive when the reflected electric field Eiefected 1S
oppositely directed to the incident electric field Eipcigent- On the other hand, ¢, if it is real, is defined
to be positive when the transmitted electric field Eg,ansmitted points in the same direction as the
incident electric field Eiycigent- In general, r and ¢ are complex quantities whose values depend on
the frequency w of the incident wave, but all radiation fields will be treated classically.

Since the tangential components of the electric fields must be continuous across the vacuum-film
interface, the electric field inside the film Ej,4q4 drives a current density j inside the film that is
linearly related to this driving electric field, for the general case of a linear-response theory of the

interaction of matter with weak driving fields. This linear relationship is given by
j(w) = o(w)Einside (w), where (168)

Einsidc = (1 - 7ﬁ')]'Eincident at ffequenCy w. (169)

In general, the conductivity o(w) associated with the current generated within the film at a given

driving frequency w will be a complex quantity:
o(w) = 01(w) + io2(w), (170)

where o1 (w) represents the current’s in-phase, dissipative response at frequency w to the driving
field at frequency w, and o9 (w) represents the current’s out-of-phase, non-dissipative response at the
same frequency [40].

If the thickness of the film d is much less than a wavelength of the incident radiation, then the
right-hand side of Faraday’s law applied to the loop shown in Figure 8 encloses a negligible amount

of magnetic flux ®p, so that

ddp
E - dl=-—"2= . 171
]{ 7 0 (171)

94



Using the sign conventions introduced above, one finds that
1—-r—t=0. (172)
Now let us apply Ampere’s law [41]

]fH.dlzz (173)

to the “Amperian” loop (not shown in Figure 8) whose plane is parallel to the magnetic fields of the
incident, reflected, and transmitted EM waves, and perpendicular to the Faraday’s law loop shown
in Figure 8. Let this Amperian loop span the entire width w of the film in the direction of the

magnetic field. For a plane EM wave propagating in free space,

1Bl _ [E|

H| = ,
| | Lo ZO

(174)

where Zj is the characteristic impedance of free space and i is the magnetic permeability of free
space. It then follows that
Eincident

0

where

I =Aj =owd(l —7r)Eicident (176)

is the total enclosed current being driven inside the film by the applied electric field inside the film
(169), which leads to

1
?O(l—i—r—t):ad(l—r). (177)

From (172) and (177) we have two equations in the two unknowns r and ¢, which can be rewritten
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as

1—r—t=0,and (178a)

1+r—t=z(l-r), (178b)

where x = 0Zyd . Solving for 1/t and 1/r, one obtains

1 1

= 1+ 5% and (179a)
1 1

- =14+2-. (179b)
T x

Using the definition 7 = ¢t* = \t|2 , one then obtains for the reciprocal of the transmissivity

11 1 1,

Substituting * = 0Zyd = (01 + i02) Zod into this expression, one finds that

-1

T = {(1 + ;alZ0d>2 + (;O'QZQCZ)Q} . (181)

This general result, which applies to any thin metallic film with a complex conductivity, agrees with
Tinkham’s expression for 7 [25, Eq. (3.128)] in the case of a superconducting film when the index
of refraction of the film’s substrate in his expression is set equal to unity (i.e., when the film is

surrounded on both sides by free space).
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Similarly, using the definition R = rr* = |r|2 , one obtains for the reciprocal of the reflectivity

11 ,
== = 2y +2y7) (182)

=1+2(y+y") +4yy”
2 2
—1 +4Rey+4{(Rey) + (Imy) }

= (14 2Rey)” +4(Imy)” ,

where

1 p
- 1
O'Zod Zod ( 83)

1
y —_ =
x

and p is the complex resistivity of the film (again at frequency w). In general, p and o are related

by
1 1 o1 — 109 .
P=75 o1+ioy o1 +03 Prt P2 (184)
where
o1
- 185
P1 U% T O,% ( a)
o2
_ _ ] 185b
P2 0’% + 0% ( )

The reflectivity of any thin metallic film with complex conductivity is therefore

2

g1 1

R = 1+42——5—
{( + a%%—a%Zod)

1\
g2
25— . 186

Although the precise degree of reflection for a film of given thickness d will depend on the specific
character of the film’s conductivity, the presence of the sum inside the first squared term of (186)

indicates that the dissipative component of the conductivity ¢ will inhibit reflection more strongly
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than the non-dissipative component o5. With this clear hint of the importance of dissipationlessness

for achieving specular reflection, we turn our attention to superconducting films.
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6.5 A Criterion for the Specular Reflection of EM Waves from Super-

conducting Films

The BCS theory of superconductivity has been confirmed by many experiments. Here we review
the application of this well-established theory to the problem of mirror-like reflection of EM waves
from a superconducting film. We consider once again a film whose thickness d is small enough to
make the use of “lumped-circuit” concepts legitimate, but which is now also much smaller than the
coherence length &, and the London penetration depth Aj, of the material (i.e., the so-called “local”
or “dirty” limit).

As Tinkham has noted [25, p. 39], the dissipative part of the conductivity of such a film 015 goes
exponentially to zero as T'— 0 in response to a driving wave whose frequency is less than

2A(0)  3.5kpT,
Wgap = h( ) = 7 ) (187)

where A(0) (henceforward abbreviated as A) is the gap energy per electron of the BCS theory at
T =0, kg is Boltzmann’s constant, and T is critical temperature for the superconducting transition.
The exponential suppression of the film’s dissipative response is due to the “freezing out” of its
normal electrons through the Boltzmann factor exp (—A/kpT) as T — 0.

On the other hand, the film’s non-dissipative conductivity oo4 rises asymptotically to some finite
value in the same limit [25, Eq. (3.125)]. The behavior of o9, which can be calculated using the
BCS theory, is due to the film’s inductive reactance X1, which in turn arises from its inductance

(per square element of the film) L. These three parameters are related to one another by

= X}, =wL . (188)

For a superconducting film at temperatures sufficiently near 7' = 0 (e.g., in the milli-Kelvin range for
a Pb film) and for frequencies lower than wy,,, the ohmic dissipation of the film will be exponentially

suppressed by the Boltzmann factor, so that one can, to a good approximation, set o153 = 0 and
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rewrite (186) as [42]:

R, = {1 + (22)2}1 . (189)

The two previous expressions allow us to define an “upper roll-off frequency” w, for the reflection
of EM waves from a superconducting film, i.e., the frequency at which reflectivity drops to 50%

(when the film is kept at nearly T'= 0 and when w < wgap):
(190)

where we discard the negative solution as being unphysical. The film’s lower roll-off frequency is
simply determined by its lateral dimensions, which for mirror-like behavior to occur must be, as
noted before, much larger than the wavelength A\ = (27¢) /w of the incident EM wave. Because the
upper roll-off frequency is our primary concern, we refer to it throughout as the roll-off frequency.
Unlike the lower roll-off frequency, it depends on the intrinsic properties of the material and cannot
be adjusted at will by altering the lateral dimensions of the film.

The physical meaning of the expression for w; given in (190) is that a superconducting film whose
dissipative conductivity has been exponentially frozen out can “short out” and thus specularly reflect
an incoming EM wave whose frequency is below wg,;,, as long as the film’s inductance is sufficiently
small to allow non-dissipative supercurrents to flow at frequencies less than wg,p,. As happens with
an RF choke, a large inductance will prevent supercurrents from being established inside the film.
Thus, the roll-off frequency and reflectivity will be lowered to levels on par with those of a normal
metal.

From (190) it is clear that the possibility of specular reflection of EM waves by a superconduct-
ing film at low temperatures and frequencies depends crucially on the film’s inductance L. The
inductance will have two components: a magnetic inductance L, due to the magnetic fields created
by the charge supercurrents carried by the Cooper pairs, and a kinetic inductance Ly due to the

inertial mass of the same Cooper pairs, which causes them to oppose the accelerating force of the
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external electric field [25, pp. 88, 99][26]. As it happens, Ly, is numerically negligible compared to
Ly for a thin film (see Appendix 6A), so that we can proceed under the assumption that L & Ly.

When T' < T;, and w < wgap, the BCS theory yields the following relation between the imaginary
part of a superconducting film’s complex conductivity o5 and its normal conductivity o, [25, Eq.
(3.125a)]:

oy - (191)

From the Drude model of metallic conductivity, it follows [43] that a film of thickness d will have a
normal conductivity o, given by
nee3d

_ M€l 192
On= (192)

where e is the charge of the electron, m, is its mass, vp is its Fermi velocity, and n. is the number

density of conduction electrons. Then oy becomes

A n.e’d
- = 193
025 Hiw MeVF ) ( )
from which it follows that the kinetic inductance can be expressed as
1 1 h
Ly = = e (194)

woosd  d2 TA  nee?

The 1/d? term in (194) indicates a dependence on the film’s thickness, whereas the presence of

hop /7A implies an additional dependence on the coherence length &, since according to the BCS

theory
hUF
= —. 195
60 ﬂ'A ( )
The m,/nee? term could be interpreted as the London penetration depth Mp, since
m,
No= = 196
HoAL ’I’Le€2 ( )
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However, in the present context it is more appropriate to relate this term to the plasma frequency
Wp by
2 Me

C
_ , 197
Ho wg neeQ ( )

since the Cooper pairs within a superconductor can be regarded as a type of quantum mechanical,
collisionless plasma [44]. We are, after all, concerned not with the screening of DC magnetic fields
through the Meissner effect, but with the reflection of EM radiation — with an electrodynamic effect
rather than a magnetostatic one. In the limit of w < wy,, the plasma skin depth J, (the depth to

which an EM wave with a frequency w can penetrate into a plasma) is simply

c
0p = E , (198)
so that in this limit
m
62 == 199
NO P TLe€2 ( )

Comparing (199) with (196), we see that the electrodynamic concept of the plasma skin depth and
the magnetostatic limit given by the London penetration depth coincide not just in the stronger
limit of w — 0 but also in the weaker limit of w < wy,.

In light of these considerations, we can re-express the kinetic inductance Ly (194) in terms of the
permeability of free space f,, the coherence length &, the plasma skin depth ¢, and the thickness

of the film d:

5\
Ly = poéo (d) : (200)

It is then possible to express Ly in more familiar form, i.e., as the product of the magnetic perme-

ability of free space and the kinetic inductance length scale Iy :

Lye = polic (201)
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where [ is

b =& (2’)2 : (202)

(For a comparison of this BCS-based derivation of Iy with one based on plasma concepts, see Ap-
pendix 6B.)
We can now rewrite the film’s inductive reactance Xy, in terms of the frequency of the incident

EM wave w, the permeability of free space p, and the kinetic inductance length scale l:
XL = ka = wuolk . (203)

Returning to the crucial ratio of the inductive reactance to the characteristic impedance of free space

given earlier in (190), we see that the roll-off frequency becomes

Zo HoC c
= = = —. 204
v 2Lk 2/14()lk 2lk ( )

Notice that p, cancels out of the numerator and denominator of this expression, so that the specular
reflection of an EM wave with frequency w from a superconducting film at temperatures sufficiently
near 7' = 0 depends only on the ratio of the speed of light ¢ to the kinetic inductance length scale
l.

To make this claim concrete, let us consider here (and in subsequent examples) the case of a thin
lead (Pb) film with a thickness of d = 2 nm and an angular frequency for the incident radiation of
w = 27 X (6 GHz). The known values for the coherence length and the London penetration depth
of Pb are {; = 83 nm and J§, = A;, = 37 nm, respectively [45, p. 24]. Inserting these values into
(202), we see that Iy ~ 30 pym and, from (204), that w, ~ 27 x (800 GHz). When we recall that the
theoretically calculated gap frequency for superconducting Pb at T' = 0 is approximately 27 x (500
GHz), we see that our estimate of w, is roughly equivalent to the claim that w < wga, for specular
reflection to occur, which is consistent with previously stated assumptions (and with the requirement

that w < w,, since wy, ~ 2w x (1.3 PHz) for Pb).
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The analysis presented in this section is in basic agreement with the experiments of Glover and
Tinkham [24], and it belies the commonly held misconception that specular reflection can occur
only when the thickness of the material d is greater than its skin depth &, (or penetration depth
Ar). Reflection from a superconducting film is due not to the gradual diminishment of the radiation
field as it enters the film but to the destructive interference between the incident radiation and the
radiation emitted in the forward scattering direction by the sheet supercurrents set up within the
film. In fact, a closer examination of (202) and (204) reveals that appreciable reflection of a 6 GHz
EM wave can occur from a Pb film — a type I superconductor — even when the film’s thickness
is as much as 2 orders of magnitude smaller than its characteristic penetration depth. A type II
superconductor, on the other hand, will generate considerable losses, due to the ohmic or dissipative
flux-flow motion of Abrikosov vortices at microwave frequencies, and will therefore exhibit much
poorer reflectivities in the microwave region.

What does the foregoing analysis imply about the ability of a superconducting film to reflect a
GR microwave? In order to answer this question we must determine the magnitude of the kinetic
inductance length scale in the GR case. First, however, we will take a moment to motivate the idea
of the “characteristic gravitational impedance of free space” and to consider why objects made of

normal matter are such poor reflectors of GR waves.

104



6.6 The Gravitational Characteristic Impedance of Free Space

Wald [46, Section 4.4] has introduced an approximation scheme that leads to a useful Maxwell-like
representation of the Einstein equations of general relativity. The resulting equations describe the
coupling of weak GR fields to slowly moving matter. In the asymptotically flat spacetime coordinate

system of a distant inertial observer, the four equations in SI units are

V.Eg=-2¢ (2052)
€G
0Bg
V- -Bg =0 (205¢)
. OE
V x Bg = g (—JG +eq GtG) (205d)

where the gravitational analog of the electric permittivity of free space is given by

1 ¢
6 =15 = 12x 107 ST units (206)

and the gravitational analog of the magnetic permeability of free space is given by

4nG
fG = :—2 = 9.3 x 1027 ST units. (207)

The value of e¢ is fixed by demanding that Newton’s law of gravitation be recovered from the Gauss-
like law (205a), whereas the value of u is fixed by the linearization procedure from Einstein’s field
equations. These two constants express the strengths of the coupling between sources (i.e., of masses
and mass currents, respectively) and gravitational fields, and are analogous to the two constants e
(the permittivity of free space) and p, (the permeability of free space), which express the strengths
of coupling between sources (charges and charge currents, respectively) and electromagnetic fields
in Maxwell’s theory.

In the above set of equations, the field Eq is the gravito-electric field, which is to be identified
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with the local acceleration g of a test particle produced by the mass density pq, in the Newtonian
limit of general relativity. The field Bg is the gravito-magnetic field produced by the mass current
density jg and by the gravitational analog of the Maxwell displacement current density e OEq /0t of
the Ampere-like law (205d). The resulting magnetic-like field Bg can be regarded as a generalization
of the Lense-Thirring field of general relativity. Because these equations are linear, all fields will
obey the superposition principle not only outside the source (i.e., in the vacuum), but also within
the matter inside the source, provided the field strengths are sufficiently weak and the matter is
sufficiently slowly moving. Note that the fields Eg and B¢ in the above Maxwell-like equations will
be treated as classical fields, just like the fields E and B in the classical Maxwell’s equations.

As noted earlier, Cooper pairs cannot freely fall along with the ionic lattice in response to an
incident GR wave because the UP forbids such pairs from having classical trajectories, i.e., from
traveling along geodesics. An incident field Eg will therefore cause the Cooper pairs to undergo
non-geodesic motion, in contrast to the geodesic motion of the ions inside the lattice. This entails
the existence of mass currents (as well as charge currents) from the perspective of a local, freely
falling observer who is located near the surface of the superconducting film anywhere other than at

its center of mass. These mass currents will be describable by a gravitational version of Ohm’s law

jG (W): Os5.G (w)EGfinside (W) 9 (208)

where jg (w) is the mass-current density at frequency w, o ¢ (W) = 015G (W) +i092s ¢ (w) is the complex
mass-current conductivity of the film at the frequency w in its linear response to the fields of the
incident GR wave, and Eq_inside(w) is the driving gravito-electric field inside the film at frequency
w. The existence of these mass currents can also be inferred from DeWitt’s minimal coupling
rule for superconductors ([15]; see Section 6.8 below). The real part of the mass conductivity,
01s,G (w), describes the superconductor’s dissipative response to the incident gravito-electric field,
while the imaginary part, a5 ¢ (w), describes its non-dissipative response to the same field. The basic

assumption behind (208) is that the mass-current density in any superconductor responds linearly
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to a weak GR wave at the driving frequency [47]. One should view o ¢ as a phenomenological
quantity, which, like the electrical conductivity og, must be experimentally determined. In any case,
the resulting optics for weak GR waves will be linear, just like the linear optics for weak EM waves.

An important physical property follows from the above Maxwell-like equations, namely, the

characteristic gravitational impedance of free space Zg [36, 48, 49]:

c

4
Ze = \//gTG: TG 2.8 % 10715 SI unis. (209)
G

This quantity is a characteristic of the vacuum, i.e., it is a property of spacetime itself, and it
is independent of any of the properties of matter per se. As with Zy = \/m = 377 ohms in
the EM case, Zg = m = 2.8 x 107'® SI units will play a central role in all GR radiation
coupling problems. In practice, the impedance of a material object must be much smaller than
this extremely small quantity before any significant portion of the incident GR-wave power can be
reflected. In other words, conditions must be highly unfavorable for dissipation into heat. Because
all classical material objects have extremely high levels of dissipation compared to Zg, even at very
low temperatures, they are inevitably very poor reflectors of GR waves [39, 49]. The question of GR-
wave reflection from macroscopically coherent quantum systems such as superconductors requires
a separate analysis due to the effectively zero resistance associated with superconductors, i.e., the

dissipationlessness exhibited by matter in this unique state, at temperatures near absolute zero.
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6.7 A Criterion for the Specular Reflection of GR Waves from Supercon-

ducting Films

In the case of EM waves considered above in Section 6.5, the BCS framework led us to two related
expressions for the behavior of a superconducting thin film, one for its EM reflectivity (189) and
one for its EM roll-off frequency (190). Now, on the basis of the similarity of the Maxwell and the
Maxwell-like equations, the identicality of the boundary conditions that follow from these equations,
and the linearity of weak GR-wave optics that follows from the gravitational version of Ohm’s law
for superconductors (208), we are led to the following two expressions for the reflectivity and the

roll-off frequency in the GR sector, which are analogous to (189) and (190), respectively:

Rg = {1 + <2XZL(;G>2}_1 (210a)

Zag
g = EF—— . 210b
Wr,G oL (210b)

Once again, we exclude the negative solution in the expression for the upper roll-off frequency given
in (210b) as being unphysical.

Pausing for a moment to consider the lower roll-off frequency, it is found that a new constraint
appears. The H-C effect, which is ultimately responsible for the mirror-like behavior of the film in

the GR case, can only be presumed to operate when

27,
w >

ot (211)

where w is the frequency of the incident wave, v, is the speed of sound in the medium, and a is the
transverse size of a square film. The physical significance of this constraint becomes apparent when

we rewrite it as

27U

a > (212)

w
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This form of the inequality follows from the fact that neighboring ions separated by a distance less
than (27vs) /w will be mechanically coupled to one another, since there will be sufficient time for
a mechanical signal to propagate from one to the other. Only ions separated by distances greater
than (27vs) /w can be legitimately regarded as separately undergoing free fall in the presence of a
GR wave. Ultimately, however, this additional constraint is preempted by the inequality already
introduced in Section 6.3,

a> == (213)

where (27¢) /w is the wavelength of the incident wave, since this more stringent requirement must
be met for the film to function as a mirror at all.

Returning to the expression for the upper roll-off frequency given in (210b), is it conceivable that
this expression could yield a non-negligible w; ¢ in the case of a superconducting film? We begin by

noting that the gravitational impedance of free space Zg can be expressed as

Ze = pge - (214)

In light of (210b) and the smallness of 1, as indicated earlier in (207), it would seem highly unlikely
that a superconductor’s GR inductance would be small enough to produce a non-negligible roll-off
frequency. Any attempt to construct laboratory-scale mirrors for GR waves would appear to be
doomed from the start. However, as with L for a thin film in the electromagnetic case, Lg must
be expressible as the product of the permeability and a length scale. In the GR case, we must
use the analogous gravitational version of each parameter. We will neglect the contribution of the
gravito-magnetic inductance Ly, ¢ to the overall gravitational inductance Lg on the grounds that it

will be much smaller than the gravito-kinetic inductance Ly ¢ (again, see Appendix 6A), so that

Lg = Ly,g = pgliG - (215)

Inserting (214) and (215) into (210b), we see that the permeability cancels out of the numerator
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and denominator as before, so that w; ¢ depends only on the ratio of the speed of light c to a single

parameter — in this case, the gravitational kinetic inductance length scale Ix g:

Hcc ¢

—_— = — 216
2uglva  2lka (216)

Wr.g =

In the electromagnetic case, [ was given by

2
= (%) (217)

where the plasma skin depth 0, was given by

m,
§p = | —— . 218
p #07%62 ( )

In the present context, the coherence length &, and the thickness of the film d must remain the same,
since they are internal properties of the film having nothing to do with the strength of coupling to
external radiation fields. By contrast, the plasma skin depth would appear to depend on the strength
of coupling to external radiation fields through the presence of 11, and e? in the denominator of (218).
We therefore need to consider the magnitude of this parameter in the gravitational sector.

For the moment, let us assume that the coupling of Cooper pairs to a GR wave depends solely
on their gravitational mass 2m,, i.e., that their electrical charge 2e is irrelevant to the gravitational
plasma skin depth and thus to the gravitational kinetic inductance length scale of a superconducting
film. Ultimately, we will reject this approach, since the Coulomb interaction between the supercon-
ductor’s Cooper pairs and the corresponding holes created in the virtual plasma excitation induced
within the film is crucial for understanding how the film responds to a GR wave. Nonetheless, it
is instructive to ignore all considerations of charge and to presume, for the moment, that Cooper
pairs react to a GR wave solely on the basis of their mass. In fact, the criterion presented at the end

of this section may well be valid for neutral superfluids (e.g., superfluid helium or a neutral atomic
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Bose-Einstein condensate), but we show in the following section that it must be modified in the case
of superconductors to account for the H-C effect.
To obtain the “gravitational” version of the plasma skin depth 6, , let us make the following

substitution

e2

— Gm? (219)

471'50

in the expression for the plasma skin depth ¢, (218). Note that for this substitution to be valid, we
must treat the electrons as if they were electrically neutral. The “gravitational” kinetic inductance

length scale then becomes

_ 61),G 2
lka =& d , (220)

where, in this spurious approach, d,, ¢ is given by

/ 1
1) =/ —. 221
p,G LG e e ( )

Assuming here and in subsequent calculations an estimate of n = n,/2 ~ 103° m~3 for the number
density of Cooper pairs, one finds that d,, ¢ is on the order of 10'® m, which leads to a value for Iy ¢
on the order of 103% m. Inserting this enormous value for I ¢ into (216) yields a roll-off frequency
wy, ¢ of effectively zero, which of course undermines any practical possibility of GR-wave reflection.

On the grounds that one must eliminate dissipation into heat for the GR-wave scattering cross-
section to become comparable to a square wavelength, Weinberg has suggested in his discussion
of Weber-style resonant bar detectors that superfluids might function effectively as mirrors for GR
waves [39]. The analysis presented here, however, suggests that neutral superfluids cannot substan-
tially reflect GR waves because of the electrical neutrality of their mass carriers. (See Appendix 6C
for a brief account of the relation between the “impedance” argument of the previous section and
Weinberg’s analysis of the dissipation problem.) As we shall see, the fact that a superconductor’s

mass carriers are not electrically neutral utterly changes the dynamics of the interaction.
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6.8 The Specular Reflection of GR Waves

In Section 6.3, we argued that the Uncertainty Principle delocalizes a superconductor’s Cooper pairs
within the material, so that they must exhibit non-geodesic motion rather than the decoherence-
induced geodesic motion exhibited by all localized particles, such as freely floating “dust particles”
or the ions in the lattice of a superconductor. The non-localizability of the Cooper pairs within a
superconducting film leads to charge supercurrents inside the film, which, by charge conservation
and the accumulation of charge at its edges, must produce a Coulomb electric field inside the film
in a virtual plasma excitation of the material. As a result, enormous Coulomb forces will be created
between the film’s negatively charged Cooper pairs and its corresponding, positively charged holes.

In the GR case, one might think to replace the Coulomb force with the much weaker Newtonian
gravitational force — as we did in the previous section — but this amounts to treating the Cooper pairs
and holes as if they were electrically neutral, which is patently unphysical. There can be no H-C
effect in the case of a neutral superfluid, but the situation is entirely different for a superconductor.
This effect, which can appear inside a superconductor, causes a superconducting film to respond
extremely “stiffly” to an incident GR wave and leads to hard-wall boundary conditions for the wave.
To put the point differently, the stiffness of a superconducting film in its response to an incoming
GR wave is governed by the strength of the Coulomb interaction between the Cooper pairs and the
corresponding holes, and not by their much weaker gravitational interaction. This fact is reflected
in the appearance of the electromagnetic plasma frequency in the formulas derived below.

Let us begin our analysis of the magnitude of the H-C effect by examining the quantum proba-
bility current density j. This quantity is more basic than the charge current density jo. = nqv or the
mass current density jo = nmv, since one can derive j directly from quantum mechanics. It should
be regarded as the cause of the charge and mass currents, whereas j, and jg should be regarded as

the effects of j.
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Recall that in non-relativistic quantum mechanics j is given by

. ho *
J= %W Vi — V™) | (222)

where m is the mass of the non-relativistic particle whose current is being calculated (here m = 2m,)
and 1) is the wavefunction of the system (here the Cooper pair’s “condensate wavefunction”, or
London’s “macroscopic wavefunction”, or Ginzburg and Landau’s “complex order parameter”). This

quantum mechanical quantity satisfies the continuity equation

dp

V-j =0, 223
it (223)
where p = 1™ 1) is the quantum probability density of the Cooper pairs. The meaning of (223) is
that probability is conserved.

Now let us adopt DeWitt’s minimal coupling rule [15] and make the following substitution for

the momentum operator:

pPp—PpP—qA—mhor (2244a)

E.V — EV —qA —mh (224Db)
i i

where ¢ = 2e, m = 2m,, A is the electromagnetic vector potential, and h is DeWitt’s gravita-
tional vector potential [50] (here and henceforth the dependence on space and time (r,t) of all
field quantities will be suppressed as understood). In what follows, both A and h fields will be
treated as classical fields, whereas j and p will be treated as time-dependent quantum operators, in
a semi-classical treatment of the interaction of radiation with matter.

We shall also follow DeWitt in adopting the radiation gauge conditions for both A and h, namely,
that

V-A=0and V-h=0, (225)
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and that the scalar potentials for both the EM and GR fields vanish identically everywhere. This
choice of gauge means that the coordinate system being employed is that of an inertial observer
located at infinity.

Since it is the case that

(0770 = 0707) = e (5w ) (220)

2ma

we can apply DeWitt’s minimal coupling rule to (226) to obtain

i=re (v {3V oA mnfo) (227)

m

The continuity equation (223) is still satisfied by (227), provided that one also applies the same min-

imal coupling rule to the time-dependent Schréodinger equation, in which the Hamiltonian becomes

2
MECETES (229

where the first term on the right-hand side represents the kinetic energy operator, and V is the
potential energy operator.

In the special case of electrically-neutral, classical “dust particles” in the presence of a GR wave,
g = 0 and thus ¢A = 0 (as well as V = 0). The classical Hamilton’s function H(p, q) then becomes

(p—mh)*

o (229)

H(p,q) =

Defining the canonical momentum classically as p = mvca,, where ve,, is the canonical velocity, it

will be the case for neutral, classical dust particles that

1
H= om (Vean — h)2 =0 or Ve =h, (230)
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as seen by a distant inertial observer, since a passing GR wave cannot impart any kinetic energy
to noninteracting, freely-falling particles. The dust particles will be carried along with space, which
follows directly from the EP.

On the other hand, when (229) is viewed as a quantum Hamiltonian operator, it implies that
neutral, quantum-mechanical particles will acquire a kinetic energy equal to %th when they are
in a nonlocalizable, gap-protected, zero-momentum eigenstate (p = 0, where p is the canonical
momentum). In accord with first-order time-dependent perturbation theory, such particles must
remain in their ground state in the presence of a GR wave whose frequency is less than the BCS gap
frequency. They will therefore rigidly resist the stretching and squeezing of space caused by such
a wave. In other words, they will be locally accelerated through space, acquiring kinetic energy in
the process. In the case of superfluid helium, for example, in which the basic components of the
material are both electrically neutral and quantum-mechanically protected from excitations by the
roton gap, mass supercurrents will be created that carry kinetic energy extracted from the wave.

Now let us consider the case of a type I superconductor. Before the arrival of a GR wave, the

superconductor’s Cooper pairs will be in a zero-momentum eigenstate:

Po-r

¥ = Cexp(i ) where pg =0 . (231)

Again, in accord with first-order time-dependent perturbation theory, this initial wavefunction must
remain unchanged to lowest order by the radiative perturbations arising from either A or h after
the arrival of a wave whose frequency is less than the BCS gap frequency of the material. If one

evaluates (227) using the unperturbed state (231), one finds that

j= lRe <w* {hv — qA—mh} 1/)) (232)
m i
= l(qu*mh)T/) P .
m
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From this one can define the “quantum velocity field” v,

v=d_ 3 (233)

v=——A-h (234)

inside a superconducting film after the arrival of a GR wave. This velocity is the kinetic velocity of
the quantum supercurrent, and not the canonical velocity of a classical dust particle given in (230),
in the sense that %va is the local kinetic energy of the quantum supercurrent.

The generation of mass supercurrents inside a superconductor by the GR wave will also produce
charge supercurrents inside the superconductor, since ¢ is not zero for Cooper pairs. These super-
currents will electrically polarize the superconductor, which will set up an internal A field — even
in the absence of any incident EM wave. Thus, the term (—g/m)A on the right-hand side of (234)
will not be zero inside a superconductor in the presence of a GR wave. Herein lies the possibility of
mirror-like reflection of GR waves from superconducting thin films.

Taking the partial derivative of (234) with respect to time, and defining the meaning of this
derivative in the sense of Heisenberg’s equation of motion for the kinetic velocity operator v, one
obtains an operator equation of motion that has the same form as Newton’s 2nd law of motion,
namely,

0 0?

MV =MoasX =ma= qE + mEg , (235)

where, by our gauge choice, E and E¢ inside the superconductor are related to the vector potentials
A and h, respectively, by
0] 0

E=-—2AamdEg=-72h. (236)

Both E and Eg will be treated here as classical fields. Following the presentation in Section 6.6,
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E¢ is the gravito-electric field that appears in the Maxwell-like equations, which is equivalent to the
acceleration g of a local, classical test particle due to gravity, in accord with the EP. The physical
interpretation of the Newton-like equation of motion (235) is that the internal E and E¢ fields act
upon the charge ¢ and the mass m, respectively, of the Cooper pairs, to produce an acceleration
field a of these pairs (in the sense of Ehrenfest’s theorem) inside a superconducting film.

For all fields that vary sinusoidally with the same exponential phase factor exp(—iwt), (235) leads

to the following linear-response equation at the frequency w:
L rq
Xx=—— (—EJrEG) . (237)
w? \m

The mass current density source term in the Ampere-like law (205d) of the Maxwell-like equations

is then given by

ja =nmv = nmo, X (238)

= nm(—iw)x

n
=i— (¢gE+mE¢q) .
w
The total force acting on a given Cooper pair under such circumstances is thus [52]
Fiot = ¢E+mE¢g , (239)

which is to say that Fi, depends on a linear combination of the internal E and Eg fields, or,
equivalently, that a superconductor will respond linearly to a sufficiently weak incident GR wave.
When a superconductor is operating in its linear response regime in the presence of a weak

incident GR wave, the following direct proportionalities will hold:

Fiot x Ex Eg . (240)
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Let us therefore define a proportionality constant =, such that

Fio = Z¢E . (241)

We shall call this dimensionless proportionality constant the “fractional correction factor” of the
total force acting upon a given Cooper pair, relative to a purely electrical force acting on the same
pair.

At this point, it would be customary to ignore the extremely weak gravitational forces generated
internally within the superconducting film. That is to say, one would normally set the gravitational
field E¢ inside the film identically equal to zero everywhere by declaring that = = 1, exactly. One
could then solve the essentially electromagnetic problem of virtual plasma excitations produced
inside the film in its linear response to a weak incident EM or GR wave.

But this simplification will not suffice in the present context, since we want to understand the
dynamics of the system when one takes into account the combined effect of the internal electric field E
and internal gravito-electric field Eq, both of which will be produced in association with the electrical
polarization of the superconductor induced by an incident EM or GR wave. Although the impact
on the electrodynamics of the system will be negligible, the impact on its gravito-electrodynamics
will be enormous. Let us then use (239) and (241) to express the relationship between the E and
E¢ fields inside a superconducting film when = # 1, i.e., when the gravitational forces within the

film, however tiny, are explicitly taken into account:

1
Mg, . (242)

E=—=
=—1gq

Substituting this expression into (238), we obtain [53]

Ec , (243)
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from which it follows that the mass conductivity of the film o is given by

= 1
UG:Z-< >”mo<7 (244)

implying an inductive response to internal fields on the part of the mass currents jg within the
film. Note that og can in principle become extremely large when = — 1, and therefore that jg can
become extremely large.
Let us consider first the effect of the gravitational force between the Cooper pairs and holes on
the plasma frequency. We start from (235) in the form
92

MpmX = —mw?x = ¢B + mEq=2q¢E , (245)

so that

- 4
mw?

X=—

(246)

The electric polarization of the superconductor will then be

_ ng?
mw?

P=ngx=-— E= X;EQE , (247)

where Xf> is the modified plasma susceptibility. Since this susceptibility can be expressed as

Xy = -2 (248)

2

€
I
(1]

: 24
meg (249)

We thus expect that the fractional correction factor =, which takes into account the gravitational

forces between the Cooper pairs and holes, will lead to an extremely small correction to the standard
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formula for the plasma frequency.
To determine the magnitude of =, we begin with the quantum form of Newton’s second law (235),
rewritten as

0 q
—v=—E+Eq. 2
3tv - + Eg (250)

Multiplying both sides by ng, one obtains a current-density form of the same equation:

d(ngv) 0. ng’E
T = a,]e = 7 +ngEq . (251)

Let us evaluate all quantities in this equation at a point P along the edge of the superconducting

film where the ionic lattice abruptly ends and the vacuum begins:

+ ngEq|p (252)

We will assume that the incident radiation fields that excite the Cooper-pair plasma are tightly
focused onto a diffraction-limited Gaussian-beam spot size located at the center of the square film.
We will also assume that the radiative excitation is impulsive in nature, so that the plasma can
oscillate freely after the radiation is abruptly turned off. Thus the point P at the edge of the film
at which all quantities in (252) are to be evaluated, is far away from the center of the film, where
the incident radiation fields can impulsively excite the film into free plasma oscillations.

Taking the divergence of both sides of (252), we obtain at point P
= (V)| = —(V-E)| +nq(V-Eq¢)lp. (253)
But with the help of the continuity equation

.0
Vet 500 =0 (254)
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and the 1st Maxwell and 1st Maxwell-like equations

V- E= and v . Ec= -2¢ (255)

€0 el
we can rewrite (253) as a differential equation for the charge and mass densities at point P [54]:

02 ng? ng
_ =1 5, — 2,5 256
ot? Pe meo Pe e Pa (256)

These densities will oscillate freely in time at point P at the edge of the film, where both charge and
mass can accumulate, after the impulsive excitation at the center of the film has been turned off.
We then use the fact that the accumulated Cooper-pair mass density at point P must be related to

the accumulated Cooper-pair charge density at point P by

pc = —Pe > (257)

since each Cooper pair accumulating at the edge of the film carries with it both a charge ¢ and a

mass m. Then at point P (256) becomes

02 ng> nm
o2 Pe = migope - gpe ’ (258)

which leads to the simple harmonic equation of motion

0]
- = =0, 259
9Pt e Pe T g Pe = e T Wb pe (259)
where the square of the modified plasma frequency wj, is given by

2 7. nq2
2_ (T 26 260
“r ( @ Zy ) meo ( )
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Here we have made use of the fact that Zy = (cgo)” " and that Zg = (ceg)” " = 47G/c. Comparing

(260) with (249), we arrive at the following expression for =:

27
E:k%z—(g (261)
-1 47r50Gm§
=1 e
1

~1]— — .
4.2 x 1042

The fractional correction factor = does indeed differ from unity by an extremely small amount, equal
to the reciprocal of the ratio of the electrostatic force to the gravitational force between two electrons
given by (166).

The implication of (261) for the electrodynamics of a superconductor is that the size of the
modified plasma frequency given by (249) will be smaller than the standard value, albeit by a mere
4 parts in 10*2. Although this difference is extremely small, the fact that the modified plasma
frequency is smaller rather than larger points to a surprising fact: the Cooper-pair holes created
inside a superconducting film by an incident EM or GR microwave must be gravitationally repelled
by, rather than attracted to, the corresponding Cooper pairs in the film, i.e., the holes must have the
equivalent of negative mass and must therefore behave analogously to buoyant bubbles inside a fluid
in the Earth’s gravity. This would be a troubling result, were it not for the fact that the holes, like
bubbles, cannot exist independently in the vacuum. The existence of negative-mass pseudo-particles
(i.e., holes) within the film does not imply the possibility of shielding static, longitudinal gravito-
electric fields, which requires the existence of real particles with negative mass in the vacuum. That
is to say, the existence of these pseudo-particles does not imply the possibility of anti-gravity devices
[47].

The real significance of = lies in its impact on the gravito-electrodynamics of a superconducting
film. In particular, the result given in (261) leads to an enhancement of the film’s mass conductivity

042

oq by the enormous factor of 4.2 x 10*“, which is what we have been calling the Heisenberg-Coulomb

122



effect. Specifically, the expression for the mass conductivity given in (244) can now be reduced to

2
ng= Ly
_ 262
o6 Y mw Za ' (262)
or, equivalently [55],
2= Z
o1 =0 and o9¢g = M=z (263)

mw Zg

Let us use this result to calculate the GR reflectivity of a superconducting film.

Recall the relationship given earlier in (188) between the inductance of the film and its nondis-
sipative conductivity. Let us assume, once again, that the gravito-magnetic inductance is negligible
when compared to the gravitational kinetic inductance (which is justified in Appendix 6A). We can
then equate the gravitational inductance of the film Lg with Ly ¢ and use (218), (221), (263) to

express the latter as

1 - m 1 ZG
woa gd T ng?=d Z,

Lyc = (264)

Q

5P~,G QmQZG

_qu( d ) ?Zy
5 \°

~-e (F)

= *Hclk,c; )

where the corrected gravitational kinetic inductance length scale ll’(’G is given by
S\ 2

But this is just the EM kinetic inductance length scale [ , that appears in the collisionless plasma
model presented in Appendix 6B. Notice that this expression differs from the BCS expression given
in (202) in Section 6.5 by a factor on the order of unity, i.e., d/&,, which is due to the fact that the

plasma model knows nothing of the BCS coherence length scale. Nonetheless, the appearance of 6,
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in (265) highlights the importance of plasma concepts for correcting the approach adopted at the
end of Section 6.7. The H-C effect reduces the GR kinetic inductance length scale Iy ¢ by 42 orders
of magnitude, to the level of the EM kinetic inductance length scale li , (= lx), thereby increasing
the magnitude of the GR roll-off frequency w, ¢ by the same factor, to the level of the EM roll-off
frequency w.

Two possible criticisms of this analysis immediately come to mind. First, the group velocity of
a Cooper pair given by (234) is predicted to be superluminal, even for extremely small values of
the dimensionless strain hy of an incident GR wave [50]. Using (236), (238), and (243) to solve for

|v/c|, one finds that

A% 1 = 1 =
—| == hl=-—— . 2
‘c’ —1| | 25—1|h+| (266)

p
[

Even for an arbitrarily chosen, extremely small value of |k, | ~ 107%° (which, for a 6 GHz GR wave,
corresponds to an incident power flux on the order of 10716 W m=2), the value given in (261) leads to
a velocity roughly one hundred times the speed of light. This apparent violation of special relativity
suggests that the response of a superconductor to a GR-wave field will in general be nonlinear,
invalidating our assumption of linearity in (240).

However, group velocities much larger than ¢ (infinite, even) have been experimentally demon-
strated [56]. In particular, photon tunneling-time measurements confirm the “Wigner” transfer time,
which is a measure of an effective group velocity broadly applicable to quantum scattering processes.
Wigner’s analysis [57] assumes a linear relation between the initial and final states of a quantum
system, and yields a transfer time that is proportional to the derivative of the phase of the system’s
transfer function with respect to the energy of the incident particle. In the present context, this
implies that the Wigner time will be zero, since the phase of the Cooper-pair condensate remains
constant everywhere, and stays unchanged with time and energy, due to first-order time-dependent
perturbation theory (i.e., assuming that no pair-breaking or any other quantum excitation is allowed
[33]). Returning to Figure 7, the Wigner time implies that an observer located at the center of mass

of the superconductor who spots a Cooper pair at point B during the passage of the wave will see
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the pair disappear and then instantaneously re-appear at point A. This kind of simultaneity (as seen
by the observer at the center of mass of the system) is a remarkable consequence of quantum theory,
but it does not violate special relativity, nor does it invalidate the assumption of linearity.

We have already touched on the second criticism, namely, that the analysis presented here is
defective because it does not register the BCS gap frequency. In particular, ohmic dissipation will
occur at frequencies above the material’s BCS gap frequency [25] and will damp out the free plasma
oscillations that are otherwise predicted to occur in (260). In response, we note that these dissipative
effects cannot alter the ratio given by (166) that appears in the nondissipative factor Z given in (261).
Fundamentally, it is the strength of the Coulomb force, and not the strength of the gravitational

force, that dictates the strength of a superconducting film’s response to an incident GR wave.
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6.9 The Negligibility of Single-Bounce Transduction

It is important to address the concern that an incoming GR wave will be partially or completely
transduced into an outgoing EM wave by a superconducting film instead of being specularly reflected
by the film. Recall that the Cooper pairs within the film cannot undergo free fall along with its
lattice in the presence of an incident GR wave, contrary to a naive application of the EP to all
particles. Instead, Cooper pairs must undergo non-geodesic motion, in contrast to the geodesic
motion of the ions in the film’s lattice. This leads to a non-zero quantum current density, one that
carries mass and charge. Therefore, time-varying mass currents and time-varying charge currents
will be generated by an incident GR wave. The latter will cause at least some of the incoming
GR-wave energy to be transduced into an outgoing EM wave. More succinctly, the film will behave
like an EM antenna. Appreciable transduction would be an interesting result in its own right, but
it turns out to be negligible. The transduction effect is necessarily present in the interaction of a
superconducting film with a GR wave, but it does not undermine the film’s ability to specularly
reflect the wave.

The size of the transduction effect can be determined from a consideration of the charge super-
current density generated within a superconducting film by an incident GR wave. Let us examine
the case of a GR plane wave normally incident upon a superconducting film located at the plane
x = 0, in the absence of any incident EM radiation. In this situation, the charge supercurrent
generated by a GR wave will be generated as a current sheet. If a GR wave is incident upon the
film only from the left, say, the charge supercurrent generated in the film will nonetheless radiate
EM radiation symmetrically, i.e., in both the +2 and —x directions. This follows from the bilateral

symmetry of the current sheet, which takes the form

Jo = jod(z) exp(—iwt) (267)

around z = 0 (here and henceforth we suppress the polarization vectors of the currents and fields
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because they are all transverse to the x axis). The current sheet will radiate by coupling, via the
Cooper pairs’ charge ¢ = 2e¢, to an electric field E = —9A /9t (in the radiation gauge) and to a
magnetic field B =V x A.

Having chosen the radiation gauge, in which V- A = 0 and in which the scalar potential is
identically zero everywhere, we can begin with the EM wave equation in terms of A and je:

1 0%A

VZA — Tz = Hole - (268)

Let us assume once again that all time variations are sinusoidal at an angular frequency w, so that

we can make the replacements

A — Aexp(—iwt) and jo — je exp(—iwt) . (269)

Let us also take advantage of the symmetry inherent in the problem, so that we can reduce (268) to

a Helmholtz equation in a single dimension for the transverse amplitudes A and j.:

0%A . .
922 + KA = —pgje = —pgjod(x) - (270)

The delta function in (270) vanishes everywhere except at the origin z = 0, so that for all = # 0 this

equation becomes a 1D homogeneous Helmholtz equation

a2 T E*A=0. (271)

By the principle of causality and the bilateral symmetry of the film, we can then restrict the possible

solutions of this equation to outgoing plane waves symmetrically emitted from the film, so that

A = aexp(+ikz) for x > 0 (272a)

A = aexp(—ikz) for x <0 (272Db)
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for the same value of «, which is determined by the strength of the delta function as follows:

+e

, A, . OAT*
t o (G2 10 ) = 5|
+e
— oo liny [ dzd(a) = s
—€
For ¢ > 0, the derivatives of A are
OA|T*
ili% o ili% (+ikaexp(+ike)) = +ika (273)
and
li o4l _ lim (—ik (—ike)) = —ik (274)
lim —— _E—EI_I)I(I] tkaexp(—ike)) = —ika .
Hence
+e
lim oA = +2ika . (275)
e—0 Ox e

Therefore, the amplitude « of the radiation field A emitted from the charge current sheet of strength

jo generated by an incident GR wave is given by

.y
a:zé% . (276)

For a very thin film of thickness d, the delta function ¢ (z) is approximately

1
§(z) ~ = (277)
d
inside the film and zero outside, since then
/2
/ d(z)der =1, (278)
—d/2
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which implies that

o = Z.*Tje . (279)

As we saw in the previous section, an incident GR wave generates within a superconducting film
not only an Eq field but an internal E field as well. In each case, the tangential component of the
field must be continuous across the superconductor-vacuum interface. Since there is no incoming £
field, this continuity condition requires the appearance of an outgoing FE field, which is to say that
the charge supercurrent generated by the GR wave will cause the film to behave like an antenna and
radiate EM waves. For the same sinusoidal time dependence exp(—iwt) of all fields and currents,
and ignoring spatial dependence, we know that

E = f%A = iwA = iwa . (280)

Inserting (279) into this expression, we see that the relationship between the charge supercurrent j,.

in the current sheet and the E field both outside and inside the film will be given by

2
Je = nqu = —mE . (281)

The charge conductivity of the film stemming from its behavior as an EM antenna in the presence
of a GR wave is thus given by
2

Now, it must be possible to re-express this charge conductivity as the real part of the complex
mass conductivity. The justification for this step is that the EM radiation produced in transduction
from the incident GR wave leads to power loss from the wave that escapes to infinity, never to
return. Hence the transduction effect is a lossy process in the GR wave sector, which is no different
from any other irreversible, ohmic process, and can therefore be characterized as the real part of the

mass conductivity. Multiplying each side of (281) by m/q and using the relationship between E and

129



E¢ given earlier in (242), one finds that the lossy component of the mass current density ji arising
from the transduction of the incident GR wave into an EM wave is given by

2 m?2 1

- =T F. 2
Zod?=—-1 ¢ (283)

jloss,G =

The real part of the mass conductivity o1 ¢ of the film due to the dissipative loss by transduction

into the escaping EM radiation is therefore given by

2 m?2 1 2
- _Z 284
o1.6 Zod ¢2 2 —1 Zgd’ (284)

where we have taken advantage of the fact that

mQZG m2ZG
E-1=1(1- —l=———". 285
< a*Zo ) 9*Zo (285)

We can now use (284) in conjunction with the nondissipative conductivity o2 ¢ given in (263)

:nqz Zo

02,6 = — (286)

“mw Zg

to determine whether loss into EM radiation will undermine the possibility of GR-wave reflection.

We begin by recalling that the full version of the GR-reflection formula is given by

2
o1.q 1
Re=4[142"2%
G < g%G —&—J%G Z(;d>
-1

2

092G 1
Qe . 287
+ ( aiG —|—a§7G Z(;d> (287)

Now let us define the parameter X, which is the dimensionless ratio of the squares of the two mass
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conductivities given in (284) and (286)

o1.a 2 2mw 2
: = ——— 288
02.G ) (EanZod> ( )

™M
Il Ml
7/ N /N
S
Ee
€
N————
[V}

where w; is the modified plasma frequency (249) and wgq = wc/d is a characteristic frequency
associated with the thickness of the film d (i.e., the resonance frequency for its lowest standing-wave
mode). In general, it will be the case that ¥ is much less than unity when the frequency of the

incident wave is
e w'2 .
w< =2 =1.1x10 rad s, (289)
2 wq

The microwave frequencies of interest fall well below this limit, so we can simplify (287) to

2
01.G 1
Ra=4{ 142728 ~
¢ <+ J%}Gng>
—1
1 1)\
9 - - . 290
+<02,GZGd>} (290)

We can then substitute (284) and (286) into (290) to obtain

Re={(1+%)°+%}7 . (291)

For w = 27 x (6 GHz), we see from (288) that

Y=13x10"!" (292)

and thus that

Rem(1+35) 7 = (1+38x1071) 7", (293)

which implies a reflectivity very close to unity. Thus the dissipation (i.e., transduction) of an incident
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GR wave in the form of outgoing EM radiation will not interfere with the film’s ability to specularly
reflect GR waves.

As a check on this conclusion, let us examine the ratio n of the power lost in the form of outgoing
EM radiation to the power reflected in the form of outgoing GR radiation, using the reasonable

assumption that the film acts as a current source in both sectors. Thus,

(Pen) _ (I2) Zo <112()ss,G> Zq
)

= = = 294
7= Pen) (IZ) Za (Ig) Za (2604)
_ <Il20ss,G> . <¢7120ssG> . UI,G >
(Ié> <J<2;> %,G

The value for ¥ given in (292) implies that a negligible fraction of the power of the incoming GR
microwave will be lost through transduction into an outgoing EM wave. A superconducting film at
temperatures sufficiently near 7' = 0 will indeed be a highly reflective mirror for GR microwaves but
a highly inefficient transducer of GR microwaves into EM microwaves.

In the parallel case of EM-wave reflection, we can once again take into account the possibility of
transduction by introducing a real term into the EM conductivity that corresponds to loss into the
GR sector (i.e., into an outgoing GR wave). The resulting real and imaginary parts of the complex

charge conductivity of the film can then be shown to be
o1 = and 09 =E— , (295)

where o is the dissipative part of the complex charge conductivity corresponding to loss by trans-
duction into outgoing GR radiation. The film will radiate as a GR antenna because of the appearance
of a quadrupolar pattern of mass supercurrents (when driven by a TEM;; incident EM plane-wave
mode) that couples, via the Cooper pairs’ mass m = 2m,, to a gravito-electric field Eq = —dh/0t
(in the radiation gauge) and to a gravito-magnetic field Bg = V x h, where h is the gravitational
analog of the electromagnetic vector potential A.

In fact, (295) leads to an expression for ¥ identical to the one given in (288). The subsequent
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analysis then proceeds unaltered, confirming that the model developed here is also consistent with
the prediction that at temperatures sufficiently near 7' = 0 a superconducting film will be a highly
reflective mirror for EM microwaves but a highly inefficient transducer of EM microwaves into GR
microwaves. Importantly, this prediction is consistent with the experimental results of Glover and

Tinkham [24].
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6.10 Conservation of Energy in the Reflection Process

Having shown that a superconducting film can specularly reflect a GR wave and that transduction
will not substantially impede this behavior, we turn finally to the question of whether the expressions
for 01,¢ and o9 ¢ given above in (284) and (286) are consistent with the conservation of energy. This
basic physical principle requires that the absorptivity, reflectivity, and transmissivity of the film sum

to unity:

Ac +Re +T6 =1 (296)
1 1 1
= AqgRc1¢ .
ara GX<AGRG+AGTG+RGTG>

From the analysis presented in Sections 6.4—6.7, we know that the reciprocal of the GR transmissivity

is given by
1 ezed) 4 (Lorezad) (207)
To 501,646 502G 4G
and that the reciprocal of the GR reflectivity is given by
1 1 ’
01,G
— =142 — 298
Ra ( + J%G + J%}G Z(;d> (298)

092G ].
+ Q==
( UiG + U%G Zc;d>

We can determine the reciprocal of the GR absorptivity Ag by considering the work done by a

gravito-electric field Eg to move a mass m by an infinitesimal displacement dx:
dW =F -dx =mEqg - dx . (299)
The rate of work being done, i.e., the instantaneous power P delivered by the field to the mass, is

(300)
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Let n be the number density of mass carriers moving with velocity

dx
- = 1
V= (301)

so that the mass current density jq is

Ja =nmv . (302)

Then the instantaneous power delivered by the field to the mass carriers per unit volume moving in

a small volume V is

X .
= _jo B, (303)

P
’PZV:nmEg- i

where jo and Eqg are real quantities. Let us, however, generalize this expression and represent the

current and field by the complex quantities

Jja=Jo,c exp(—iwt) and (304a)
E¢=Eg g exp(—iwt) . (304b)

Then

. 1 ) - .
Rngz§ [.]07(; exp(—iwt) + jo.q exp(zwt)] (305)
and
1

Re EG:§ [Eo,q exp(—iwt) + Ef o exp(iwt)] . (306)

The real instantaneous power per unit volume expressed in terms of this complex current and field

is given by

P = Reji - ReEg (307)

| =

= [jO,G exp(—iwt) + jo ¢ exp(iwt)] .

Y

[Eo,q exp(—iwt) + Ef ¢ exp(iwt)] .
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But the time average over one wave-period T' = 27 /w of each second harmonic term in this expression

vanishes because

T

1
f/dt ljo,c - Eo,c exp(—2iwt)] =0 (308a)
0
. T
0
leaving only the DC cross terms
1. . .
(P) = 7 (oc - Bjc +ioe - Eoc) - (309)
which can be re-expressed as
1 s
(P) =5 Re(jc - Eq) - (310)

Let us apply this result for the time-averaged power density to a superconducting film by recalling

that the relevant gravito-electric field is the field inside the film, so that
1 -
<P> = 5 Re(.]G 'EG—inside)a (311)

where the gravitational analog of Ohm’s law is

jG = o0gEq-inside - (312)
Therefore,
1 * *
<P> = 5 (Re GG) (EG-inside . EG—inside) (313)
1 . 9
=3 Re (o1, —i02,¢) |Eg-inside|
1
= 50—1,(} |EG—insidc|2 .
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As in the electromagnetic case discussed in Section 6.4, the gravito-electric field inside the film will

be related to the incident gravito-electric field as follows:

EG-insidc - (]- - 7"G)]'EG—incidcnt, (314)
=t EG—incidcnt

= EG—transmimed )

where rq is the amplitude reflection coefficient and tg is the amplitude transmission coefficient.
Thus the time-averaged power dissipated inside the entire volume Ad of the film, where A is its area

(an arbitrarily large quantity) and d is its thickness, is given by

1
(P) Ad = 501,@@ t |Baoincident|” Ad (315)

o AO’LGd

9 TG |EGfincident|2 )

where 7g = t{,tg is the transmittivity of the film.
The magnitude of the time-averaged Poynting vector of the incident wave traveling in the direc-

tion k is given by an expression similar to (310), viz.,

1- "
(8) = §k ‘Re (E¢.incident % Ho-incident) (316)
11 ”
= 542(; Re(EG—incident - Ec.incident)
1 2
=—|E -inciden )
570 |EG-incident |

from which it follows that the power incident on the area A of the film is
(S) A= — B meident]” A (317)
- 2ZG G-incident .
Thus the absorptivity Aq, which is the ratio of the time-averaged power dissipated inside the film
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to the time-averaged power incident on the film, is given by

= TGo'l,GZGd . (318)

Inserting the reciprocal of (297) for 7¢ into (318) and taking the reciprocal of the new expression,

we find that

1 1414 Zad)? + (% Zad)?
1 _(0+306%d)" + (3926Z6d)" (319)
AG JI,GZGd

A calculation confirms that the expressions given in (297), (298), and (319) are in fact consistent
with the requirement that the absorptivity, reflectivity, and transmissivity sum to unity. When we
insert (297), (298), and (319) into the right-hand side of (296), we obtain a single equation with two
variables, 01 ¢ and o3,. Thus the conservation of energy in the case of the interaction between a
GR wave and a superconducting film depends solely on the relation between o, ¢ and o2 .
Recalling the parameter ¥ introduced in (288), which characterizes the relation between o ¢

and o2, we can re-express the reciprocals of A, Rg, and 7g as

1 1
=24 2
A + 75 (320a)
1 252 4 1083 D
1 282 4105% 48 (320b)
Ra 2%2 4453 + 2534
1 1
— =44 = . 320
T t5 (320c)
One then finds that
292 4 433 4234
Rela = 321
ARGTe = 135 o052 + 11257 1 6458 (321)
and that
1 1 1
= (322)

e A - )
1+ 13X + 6022 + 11253 + 64%4
252 4 4%3 4 254
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But these two expressions are just the reciprocals of one another, confirming (296) in the GR case.
In the EM case, the corresponding real and imaginary parts of the complex charge conductivity

are given by

2 (323)
o1 = ——
Y7 Z0d
nq?
09 = =—. (324)
mw
The fact that the ratio of the squares of these two conductivities is once again
2 2,2
o1 dmcw
1) = R 325
(02) E2n2qt Z3d? (325)

is a strong hint that (296) will be similarly satisfied in the EM case. In fact, the expressions given
above for 1/Ag, 1/Rq, and 1/7 in (320) carry over without alteration into the EM case, so that
the subsequent steps of the derivation proceed exactly as above. Consequently, we can say that the
formalism presented here obeys energy conservation both in the case of GR reflection with EM loss
and in the case of EM reflection with GR loss. This is a strong self-consistency check of the entire

calculation.
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6.11 Experimental and Theoretical Implications

Most of the experiments presently being conducted on gravitational radiation aim to passively detect
GR waves originating from astrophysical sources. The specular reflection of GR waves at microwave
frequencies from superconducting thin films due to the Heisenberg-Coulomb effect would allow for
a variety of new experiments, all of which could be performed in a laboratory setting and some of
which would involve mesoscopic quantum objects. Here we identify several such experiments that
should be technologically feasible, commenting briefly on their interrelations and broader theoretical
implications.

Consider first a conceptually simple test of the physics behind the Heisenberg-Coulomb effect
itself. In this experiment, two horizontally well-separated, noninteracting superconducting bodies
are allowed to fall freely in the non-uniform gravitational field of the Earth. The tidal forces acting
on the two bodies, which are like the tidal forces caused by a low-frequency GR wave, cause them
to converge as they fall freely toward the center of the Earth. Although the gap-protected, global
quantum mechanical phase of the Cooper pairs forces each pair to remain motionless with respect to
the center of mass of its own body, this does nothing to prevent the two bodies from converging during
free fall. The trajectories of these two superconducting bodies — recall that they have decohered due
to interactions with their environment and are therefore spatially well separated — must be identical
to those of any two noninteracting, freely falling massive bodies, in accord with the EP.

Now connect the two bodies by a thin, slack, arbitrarily long, superconducting wire, so that they
become a single, simply-connected, coherent superconducting system. From a mechanical point
of view, the negligible Hooke’s constant of the wire allows each body to move freely, one relative
to the other. In this case, the characteristic frequency of the interaction between the bodies and
the gravitational field, which is given by the inverse of the free-fall time, is far below the BCS gap
frequency and far above the simple harmonic resonance frequency of the two-bodies-plus-wire system.
According to first-order time-dependent perturbation theory, then, the nonlocalizable Cooper pairs

of the two coherently connected bodies must remain motionless with respect to the center of mass of
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the entire system, as seen by a distant inertial observer. This follows, as we have argued in Section
6.3, from the gap-protected, global, quantum mechanical phase of the Cooper pairs, which is at root
a consequence of the UP. On the other hand, the ions of the two coherently connected bodies will
attempt to converge toward each other during free fall, since they want to follow geodesics in accord
with the EP.

In this experimental “tug-of-war” between the Uncertainty Principle and the Equivalence Prin-
ciple, which principle prevails? When the temperature is low enough to justify ignoring the effect
of any residual normal electrons (i.e., when the temperature is less than roughly half the critical
temperature, so that the BCS gap is sufficiently close to its value at absolute zero [25]), we believe
the EP will be completely overcome by the UP. This must be the case because the charge separation
that would otherwise result as the ions converged while the Cooper pairs remained motionless (with
respect to a distant inertial observer) would generate an unfavorable, higher-energy configuration
of the system. The quantum mechanical Cooper pairs must drag the classical ionic lattice into co-
motion with them, so that the coherently connected bodies depart from geodesic motion. That is to
say, the bodies must maintain a constant distance from one another as they fall. If two coherently
connected superconducting bodies were to converge like any two noninteracting bodies, one would
have to conclude that the UP had failed with respect to the EP, i.e., that the EP is more universal
and fundamental in its application to all objects than the UP. We do not believe this to be the case.

Theories that propose an “intrinsic collapse of the wavefunction” or “objective state reduction,”
through some decoherence mechanism, whether by means of a stochastic process that leverages the
entanglement of object and environment (as originally proposed by Ghirardi, Rimini, and Weber
[58]), or by means of a sufficiently large change in the gravitational self-energy associated with
different mass configurations of a system (as proposed by Penrose [59]), would imply the failure
of the Superposition Principle, and thus of the Uncertainty Principle, in the experiment outlined
above. The existence of any such mechanism would destroy the Heisenberg-Coulomb effect, but it

would also pose a serious problem for any quantum theory of gravity.
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A straightforward geometrical calculation for the free-fall experiment outlined above shows that
the convergence of two noninteracting massive bodies initially separated by several centimeters would
be on the order of microns for free-fall distances presently attainable in aircraft-based zero-gravity
experiments. Though small, this degree of convergence is readily measurable by means of laser
interferometry. The exact decrease, if any, in the convergence measured for two coherently connected
superconducting bodies, relative to the decrease measured for the same two bodies when the coherent
connection is broken, would allow one to measure the strength of the Heisenberg-Coulomb effect,
with null convergence corresponding to maximal deflection from free fall.

The specular reflection of GR waves from superconducting films, which we have argued follows
from the Heisenberg-Coulomb effect (see Section 6.8), might also allow for the detection of a gravi-
tational Casimir-like force (we thank Dirk Bouwmeester for this important suggestion). In the EM
case, an attractive force between two nearby metallic plates is created by radiation pressure due to
quantum fluctuations in the EM vacuum energy. If the two plates were made of a type I super-
conducting material, it should be possible to detect a change in the attractive force between them,
due to the additional coupling of the plates to quantum fluctuations in the GR vacuum energy, as
the plates were lowered through their superconducting transition temperature. Observation of the
gravitational analog of the Casimir force could be interpreted as evidence for the existence of quan-
tum fluctuations in gravitational fields, and hence as evidence for the need to quantize gravity. If no
analog of the Casimir force were observed despite confirmation of the Heisenberg-Coulomb effect in
free-fall experiments, one would be forced to conclude either that gravitational fields are not quan-
tizable or that something other than the Heisenberg-Coulomb effect is wrong with our “mirrors”
argument.

In Sections 6.9 and 6.10, we discussed the transduction of GR waves to EM waves and vice-
versa. Although we showed that transduction in either direction will be highly inefficient in the case
of a single superconducting film, experimentally significant efficiencies in both directions may be

attainable in the case of a pair of charged superconductors [60]. This would lead to a number of ex-
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perimental possibilities, all of which employ the same basic apparatus: two levitated (or suspended)
and electrically charged superconducting bodies that repel one another electrostatically even as they
attract one another gravitationally. For small bodies, it is experimentally feasible to charge the
bodies to “criticality,” i.e., to the point at which the forces of repulsion and attraction cancel [60].
At criticality, the apparatus should become an effective transducer of incoming GR radiation, i.e.,
it should enable 50% GR-to-EM transduction efficiency. By time-reversal symmetry, it should also
become an effective transducer of incoming EM radiation, i.e., it should also enable 50% EM-to-GR
transduction efficiency. Chiao has previously labeled this type of apparatus a “quantum transducer”
[60].

Two variations on a single-transducer experiment could provide new and compelling, though still
indirect, evidence for the existence of GR waves. First, an electromagnetically isolated transducer
should generate an EM signal in the presence of an incoming GR wave, since the transducer should
convert half the power contained in any incoming GR wave into a detectable outgoing EM wave.
This might allow for the detection of the cosmic gravitational-wave background (CGB) at microwave
frequencies, assuming that certain cosmological models of the extremely early Big Bang are correct
[61]. If no transduced EM signal were detected despite confirmation of the H-C effect, one would be
forced to conclude either that something is wrong with the “mirrors” argument or the GR-to-EM
“transduction” argument, or that there is no appreciable CGB at the frequency of investigation.

A single quantum transducer should also behave anomalously below its superconducting transi-
tion temperature in the presence of an incoming EM wave (we thank Ken Tatebe for this important
suggestion). By the principle of the conservation of energy, an EM receiver directed at the trans-
ducer should register a significant drop in reflected power when the transducer is “turned on” by
lowering its temperature below the transition temperature of the material, since energy would then
be escaping from the system in the form of invisible (transduced) GR waves. If no drop in reflected
power were observed despite confirmation of GR-to-EM transduction in the experiment outlined in

the previous paragraph, one would need to reconsider the validity of the principle of time-reversal
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symmetry in the argument for EM-to-GR transduction.

Finally, if an efficient quantum transducer were to prove experimentally feasible, two transducers
operating in tandem would open up the possibility of GR-wave communication. As a start, a grav-
itational Hertz-like experiment should be possible. An initial transducer could be used to partially
convert an incoming EM into an outgoing GR wave. A second transducer, spatially separated and
electromagnetically isolated from the first, could then be used to partially back-convert the GR wave
generated by the first transducer into a detectable EM wave. The same two-transducer arrangement
could also be used to confirm the predicted speed and polarization of GR waves. Of course, wire-
less communication via GR waves would be highly desirable, since all normal matter is effectively
transparent to GR radiation. Such technology would also open up the possibility of wireless power
transfer over long distances. On the other hand, if a Hertz-like arrangement were to yield a null
result despite the success of the previously outlined single-transducer experiments, one would infer
that the success of those experiments was due to something other than the existence of GR waves.

In summary, a new class of laboratory-scale experiments at the interface of quantum mechanics
and gravity follows if the argument presented here for superconducting GR-wave mirrors is correct.
Such experiments could be a boon to fundamental physics. For example, one could infer from
the experimental confirmation of a gravitational Casimir effect that gravitational fields are in fact
quantized. Confirmation of the Heisenberg-Coulomb effect would also point to the need for a unified
gravito-electrodynamical theory for weak, but quantized, gravitational and electromagnetic fields
interacting with nonrelativistic quantum mechanical matter. As with the Rydberg atom analysis
explored in Section 5, such a theory would again fall far short of the ultimate goal of unifying all
known forces of nature into a “theory of everything,” but it would nonetheless be a very useful

theory to have.
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6.12 Appendix 6A: The Magnetic and Kinetic Inductances of a Thin

Metallic Film

The EM inductance L of the superconducting film is composed of two parts: the magnetic inductance
L,,, which arises from the magnetic fields established by the charge supercurrents, carried by the
Cooper pairs, and the kinetic inductance Ly, which arises from the Cooper pairs’ inertial mass [26].
Using (202) and the values of £, = 83 nm and §, = A\, = 37 nm for Pb at microwave frequencies,
one finds for our superconducting film that I, is on the order of 10~ m and that Ly is on the order
of 10~ henries.

Ly, can be found using the magnetic potential energy relations

B? 1
U= /2uo Pz = 5LmI? , (326)

where U is the magnetic potential energy, B is the magnetic induction field, and T is the (uniform)

current flowing through the film. Thus,

BQ
Ly = / . (327)
I g

A closed-form, symbolic expression for this integral is complicated for the geometry of a film, but
numerical integration shows that in the case of a Pb film with dimensions 1 cm X 1 cm X 2 nm, Ly,
is on the order of at most 10~ 1% henries, which is much smaller than Li. The experiments of Glover
and Tinkham [24] corroborate the validity of this approximation. Thus, we can safely neglect the
magnetic inductance L, in our consideration of L.

A comparison of this result for L,, with the result for L, ¢ in the gravitational sector reveals
that

LImG _ Ko (328)

145



Recall now that the expression for ZIL,G given by (265) is
, 6\’
lk,G = d (;) 5 (329)

which is just the expression for Iy ;, (= lk) derived in Appendix 6B below. Thus we see that

Ly g _ pale g _ Mg
Ly Holk Ko

(330)

From (328) and (330), it follows that

~ R (331)

Thus, we can also safely neglect the gravito-magnetic inductance Ly, ¢ in our consideration of Lg.
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6.13 Appendix 6B: The Kinetic Inductance Length Scale in a Collision-

less Plasma Model

In this appendix we ignore the quantum mechanical properties of superconducting films and consider
the simpler, classical problem of the kinetic inductance (per square) of a thin metallic film. We begin
with a physically intuitive derivation of the kinetic inductance length scale I due to D. Scalapino
(whom we thank for pointing out this derivation to us). The current density for a thin metallic film
is given by

= (332)

o |~
g
S8

j =neev =

where e is the electron charge, v is the average velocity of the electrons, n, is the number density,
A is the cross-sectional area of the film through which the current flows, w is film’s width, and d is

its thickness. The velocity of the electrons within the film can then be expressed as

I 1 Iy
= = , 333
wneed  need (333)
where I, is the current per width. Now, by conservation of energy it must be the case that
L I2 . 2
My _ Me¥ 4. (334)

2 2

The left-hand side of (334) gives the energy per square meter carried by the film’s electrons in terms
of the film’s kinetic inductance per square and the square of the current per width, whereas the
right-hand side gives the same quantity in terms of the kinetic energy per electron multiplied by the
number of electrons per square meter of the film. Substituting (333) into (334) and recalling the
expression for the plasma skin depth given in (199), one finds that

2
__Me dp

K= g Moy (335)
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which implies that the kinetic inductance length scale of the film is given by

Li <5p>2
L == =d(2 . 336
- Ho d (336)

Now let us derive the kinetic inductance length scale of a thin superconducting film by treating the
film as though it were a neutral, collisionless plasma consisting of Cooper-paired electrons moving
dissipationlessly through a background of a positive ionic lattice. We assume that the film is at
absolute zero temperature and that the mass of each nucleus in the lattice is so heavy that, to
a good first approximation, the motion of the lattice in response to an incident EM wave can be
neglected when compared to the motion of the electrons. If one then analyzes the film’s response to
the incident EM wave using the concepts of polarization and susceptibility, it is possible to show for
all non-zero frequencies that

g1 = 0 and 02 = &y (337)

e |&

Recalling the basic relationship between the kinetic inductance Ly, and o3 given in (188), as well as
the fact that p, = 1/eoc?, and that §, = ¢/w, when w < w,,, we see that according to this model
the kinetic inductance of the superconducting film (in the limit of w <« w},) Lx ;, is given by

1 52

I _ % 338
k,p €0w}2)d Ho d ) ( )

which implies that the plasma version of the kinetic inductance length scale I ;, for a superconducting

film at absolute zero is

L _ (Y
hep = . _d<d (339)

in agreement with (336). The discrepancy between these expressions and the one obtained in (202)

in Section 6.5 on the basis of the more sophisticated BCS model,
5.\2
= (%) . (340
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arises from the fact that the classical approaches taken here know nothing of the additional length
scale of the BCS theory, namely, the coherence length £,. This quantum mechanical length scale is
related to the BCS energy gap A through (195) and cannot enter into derivations based solely on

classical concepts; hence the appearance of the prefactor d instead of £, in (336) and (339).

149



6.14 Appendix 6C: Impedance and Scattering Cross-Section

The relevance of the concept of impedance to the question of scattering cross-section can be clarified
by considering the case of an EM plane wave scattered by a Lorentz oscillator, which plays a role
analogous to the resonant bar in Weinberg’s considerations of GR-wave scattering [39]. The Poynting

vector S of the incident EM wave is related to the impedance of free space Zy as follows:

1 .-
S=ExH=—F%, (341)
Zo

where the wave’s electric field E and magnetic field H are related to one another by |E| =2, |H]|,
where Zy = \/m = 377 ohms is the characteristic impedance of free space, and where k is the
unit vector denoting the direction of the wave’s propagation.

Multiplying the scattering cross-section o (not to be confused with the conductivity) by the time-
averaged magnitude of the Poynting vector (S), which is the average energy flux of the incident wave,

we get the time-averaged power (P) scattered by the oscillator, viz.,
o (S) = (P) =0 (E?)/Z, (342)

where the angular brackets denote a time average over one cycle of the oscillator. It follows that

Zy (P)
(E?) ~

(343)

g =

When driven on resonance, a Lorentz oscillator dissipates an amount of power given by

(P) = <ede> B (344)

dat/ - yme /e’

where = denotes the oscillator’s displacement, e is the charge of the electron, m, is its mass, and y

is the oscillator’s dissipation rate. The oscillator’s EM scattering cross-section is thus related to Zj
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as follows:
Z

T (345)

g

Maximal scattering will occur when the dissipation rate of the oscillator v and thus ym, /e?
are minimized. In general, one can minimize the dissipation rate of an oscillator by minimizing
its ohmic or dissipative resistance, which is a form of impedance. Hence Weinberg suggested using
dissipationless superfluids instead of aluminum for the resonant bar, and we suggest here using
zero-resistance superconductors instead of superfluids. In particular, Weinberg’s analysis showed
that if the damping of the oscillator is sufficiently dissipationless, such that radiation damping by
GR radiation becomes dominant, the cross-section of the oscillator on resonance is on the order of
a square wavelength, and is independent of Newton’s constant G. However, the bandwidth of the
resonance is extremely narrow, and is directly proportional to G.

In this regard, an important difference between neutral superfluids and superconductors is the
fact that the electrical charge of the Cooper pairs enters into the interaction of the superconductor
with the incoming GR wave. This leads to an enormous enhancement of the oscillator strength of
Weinberg’s scattering cross-section extended to the case of a superconductor in its response to the
GR wave, relative to that of a neutral superfluid or of normal matter like that of a Weber bar.

As we have seen earlier, the non-localizability of the negatively charged Cooper pairs, which
follows from the Uncertainty Principle and is protected by the BCS energy gap, causes them to un-
dergo non-geodesic motion in contrast to the decoherence-induced geodesic motion of the positively
charged ions in the lattice, which follows from the Equivalence Principle. The resulting charge sep-
aration leads to a virtual plasma excitation inside the superconductor. The enormous enhancement
of the conductivity that follows from this, i.e., the H-C effect, can also be seen from the infinite-
frequency sum rule that follows from the Kramers-Kronig relations, which are based on causality
and the linearity of the response of the superconductor to either an EM or a GR wave [25, p. 88,
first equation].

In the electromagnetic sector, the Kramers-Kronig relations for the real part of the charge conduc-
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tivity o1 (w) and the imaginary part o2(w) (not to be confused with the above scattering cross-section

o) are given by [62, p. 279]

2 Oow'ag (w') dw'
o) =2 / wor oy (346a)
0
2w 0001 (W) dw'’
0

From (346b) and the fact that electrons become free particles at infinitely high frequencies, one can

derive the infinite-frequency sum rule given by Kubo [62, 63]

o0

2
/a1(w)dw = gsowﬁ , where wg = :;;lc . (347)
0
In the GR sector, making the replacement in (347),
o (348)
N
47‘(’60 ’

where m is regarded as the mass of the neutral atom that transports the mass current within the
superfluid, is relevant to the interaction between a neutral superfluid and an incident GR wave. This

leads to the following infinite-frequency sum rule:

o0

/017(; (w)dw = 21%neoGm . (349)
0

Numerically, this result is extremely small relative to the result given in (347), which implies a much
narrower scattering cross-section bandwidth in the GR sector.

In the case of a superconductor, the replacement given by (348) is unphysical, due to the charged
nature of its mass carriers, i.e., Cooper pairs. Here, Kramers-Kronig relations similar to those given
in (346) lead to a result identical to the one given in (347). Thus, using superconductors in GR-wave

detectors will lead to bandwidths of scattering cross-sections that are orders of magnitude broader
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than those of neutral superfluids.

One important implication of this argument concerns the GR scattering cross-section of a super-
conducting sphere. If the sphere’s circumference is on the order of a wavelength of an incident GR
wave, the wave will undergo the first resonance of Mie scattering. In the case of specular reflection
from the surface of a superconducting sphere, this corresponds to a broadband, geometric-sized scat-
tering cross-section, i.e., a scattering cross-section on the order of a square wavelength over a wide
bandwidth. This implies that two charged, levitated superconducting spheres in static mechanical
equilibrium, such that their electrostatic repulsion balances their gravitational attraction, should
become an efficient transducer for converting EM waves into GR waves and vice versa [60]. As
suggested in Section 6.11, two such transducers could be used to perform a Hertz-like experiment

for GR microwaves.
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7 Gravitationally-Induced Charge Separation in Finite Su-

perconductors

Charge separation was discussed in detail in Section 6.6 in the context of reflection of high-frequency
gravitational waves from thin superconducting films. Another potential aspect of this effect, which
is perhaps more experimentally feasible, is that of direct measurement of the charge separation in a
bulk superconductor in the presence of a weak, low-frequency tidal gravitational field. The ability

to measure this effect may constitute a novel coupling between gravitation and electromagnetism.

7.1 Charge Separation During Free Fall in the Earth’s Tidal Gravitational

Field

Since the positively charged lattice ions and the negatively charged Cooper pairs undergo relative
motion, a tidal gravitational field will electrically polarize a superconductor through charge separa-
tion. This leads to internal electric fields. Consider two superconducting cubes connected by a wire.
The wire is slack so that the two cubes are completely mechanically decoupled. If the wire is not
superconducting, the cubes will converge as they fall toward the center of the Earth in the Earth’s
inhomogeneous gravitational field, in accordance with the Weak Equivalence Principle. If the wire
is superconducting, however, then the system comprised of the two cubes and the wire becomes a
single, coherent superconducting system. While this coherent superconducting system is falling in
the Earth’s inhomogeneous gravitational field, the Cooper-pair electrons are not allowed to converge
along with the lattice ions, as shown above. The relative motion between the electrons and the ions
creates a charge separation and induces a measurable voltage potential across opposite faces of each
cube. It will be shown that this effect can be observed in a laboratory setting.

The charge separation that ensues from the relative motion between the electrons and the ions
will cause a voltage potential to appear across opposite ends of each superconducting cube. For

simplicity, let each cube have sides with lengths L, and let L also be the initial distance between
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each cube. Modeling the charge extrusions on each side of a single superconducting cube as thin,

infinite sheets of charge, the magnitude of the electric field inside the cube will be given by

Q

E =
60L2’

(350)

where £+ is the charge on the edges of the cubes, and ¢ is the permittivity of free space. The
amount of charge required to balance the tidal forces on the cubes can be found by equating the

tidal force and the electrostatic force, and thus

Q> , 3 gL
p= oz = = L) \5R, 9 (351)

where p is the mass density of the cube (lead is used in this case, where pp, = 11340%)7 RpE is the
radius of the Earth, and the horizontal component of the tidal gravitational acceleration g’ was first

discussed in Section 5.3. Thus, the charge is given by

PYIEo 13
= L°. 2
Q=\/5%" (352)

This formula uses the realistic approximation that the Earth’s radius is much larger than both L

and the height from which the system is dropped. The voltage potential across the faces of a single

Q Py o
v GoL 2EORE (353)

Table 2 below shows the magnitude of the charge and of the voltage potential as a function of length

cube is

L for this charge distribution model.

’ HL:lcm L=5cm

Charge (C) [[ 28 x 10~ [ 3.5 x 10~1!
Voltage (V) || 3.1 78

Table 2: Charge and voltage potential as a function of length for charged sheet model
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If the charge distribution is modeled using point charges instead of infinite sheets, the system can
be represented by two sub-systems, where each sub-system consists of two point charges of opposite

charge, connected by a rigid, electrically-neutral rod, as in Figure 9.

0 +0 +Q —0

Rigid rod ® ¢ Rigid rod

L L L

Figure 9: Point charge distribution model in the charge separation experiment

The net force between the two sub-systems can be calculated by summing the forces on each
charge, recognizing that the distance between the two sub-systems can change, but that the two
point charges within each sub-system cannot move with respect to each other. Since the forces on
each sub-system will be symmetric, it is sufficient to calculate the force of the left sub-system in the
figure on the right sub-system. The notation F_, F"_ | Fy . and F_ will be used to symbolize the
force of the left point charges on the right point charges, where the first subscript denotes the charge
within the left sub-system, and the second subscript denotes the charge in the right sub-system.

These forces, which all act along one dimension, are given by

1 Q2

P = e (354a)
Fe = 51)47TC£02L2 (354b)
P, = zm?;p (354c)
P = —i 43;2. (354d)

The sum of these forces is the total force of the left sub-system on the right sub-system, given by

1 Q2
Fo=— .
@78 4dmeq L2

(355)
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Setting this force equal to the tidal gravitational force defined in (351) and solving for @ yields

36menpg 5
=4/——L
Q=\"Tg, ¥ (356)

and thus the voltage potential is

L U pg ;-

V=FL=_Fo=4]— .
Q 144 meoRp

5 (357)

Table 3 below shows the magnitude of the charge and of the voltage potential as a function of length

L for this charge distribution model.

y [L=1cm [L=5cm |
Charge (C) [ 1.3x 1072 [ 1.6 x 10~1°
Voltage (V) || 0.69 17

Table 3: Charge and voltage potential as a function of length for point-charge model

The values shown in these two tables suggest that the voltage should be experimentally de-
tectable. However, these calculations do not take into account the amount of time, or, equivalently,
the amount of free fall distance is required for this equilibrium. For experimental feasibility, the
amount of free fall time/distance must be sufficiently short. Consider the situation depicted in
Figure 10 showing a point mass falling a distance Ah near the Earth’s surface, and converging a dis-
tance Ax as it falls. The opposite point mass that would make this figure identical to the situation
depicted in Figure 1 is not shown.

Using similar triangles, the relationship between the free fall distance and the convergence dis-
tance is given by

L

Consider now the model that the superconducting electron wavefunction exhibits quantum in-

compressibility, and therefore the superfluid does not follow the local geodesic, but instead falls
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Ah

Figure 10: A point mass, shown as a square, falls near the surface of the Earth along a local geodesic
(diagonal line) that points towards the center of the Earth, shown as a circle.

straight down, i.e. such that it preserves the distance between the objects during free fall. An
expression for the charge accumulated on the outside faces of the samples is given in (356), but the

charge can also be expressed in terms of the extrusion distance by
Q = nsel*Ax, (359)

where n is the superconducting electron density, since the ions will follow the local geodesic. Equat-

ing this expression with (356) and solving for Az yields

[ 36megpg

Solving (357) for L and substituting into the above expression yields

1/4

Ay = [(18>3 (4meo)’ pgV? (361)

11 2nte'Rp
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Substituting this into (358) and solving for Ah, again using (357) for L, yields

18 (47ep) 2pgRE
Aheq = \/11 n2e? ’ (362)

which is the required free fall distance for the electrostatic and gravitational forces to reach equi-
librium. Using Ah., = % gtiq shows that the free fall time for these forces to reach equilibrium is
given by

1/4
teg = [18(4“0) S RE} . (363)

| n2e2g

Note that the equilibrium distance and time are independent of the sample dimensions and separa-
tion. The superconducting electron density (near absolute zero) is related to the London penetration

depth of the superconducting material by [25]

Me

(364)

Ng = —=5 5,
2
HoALE

which, for lead, has a value of ng p, = 2.1 x 10?® electrons per cubic meter, using the known value
of the London penetration depth of lead Az, pp = 37 nm [64]. Thus, for equilibrium to be achieved,
a free fall distance of Ah.y = 5 nm, corresponding to a free fall time of t.q = 30 ps. Though this
model assumes that the ions will accelerate at a constant rate until equilibrium is achieved, whereas
in reality, the horizontal acceleration will decrease to zero as the sub-system approaches equilibrium,
and therefore the required free fall distance and time are somewhat underestimated, these results

suggest that the experiment may be able to be performed in a laboratory setting.
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7.2 Experimental Detection of Charge Separation in the Earth’s Tidal

Gravitational Field

An experiment was performed in the Chiao lab in which two superconducting lead spheres were
connected by a thin superconducting lead wire. Copper wires, which are not superconducting,
were attached to the outer and inner faces of the spheres and connected to independent channels
of a Techtronix model TDS2024B to measure the voltage potential across the faces. The samples
were resting on a spring-loaded platform, which released the system into free fall and automatically
triggered the oscilloscope.

The experiment was performed roughly 100 times. Though a change in the voltage potential
was registered frequently, it was later determined that this was due to microphonic interference by
the violent jarring of the apparatus imparted by the springs when the mechanism was triggered.
This was verified when changes in the voltage potential were observed at temperatures above the
critical temperature of lead. Since the charge separation effect is not predicted to occur in normal
matter, it was this control experiment which suggested that the original measurements were false.

Furthermore, it was also determined that direct measurement of the charge separation through
leads made of normal conducting material was not feasible, since the superconducting electrons
cannot travel through the normal wire. However, if charge separation does exist, external electrical
fields would be created near the inner and outer faces of the falling superconductors. If the electric
fields were sufficiently large, one might be able to use these fields to induce a charge on a normal
conducting plate, placed just outside the superconducting sample, such that the two are electrically
isolated. The following section explores this possibility further, using time-varying tidal gravitational

forces, instead of free fall in the Earth’s gravitational field.
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7.3 Charge Separation Induced by External Source Masses

Consider two large, diametrically-opposite source masses rotating around two stationary pendula.
Consider each pendulum to have two support wires, so that the motion is constrained along one

dimension. See Figure 11.

=y

Figure 11: Pendula are supported by two wires each. This configuration causes motion along a
single axis, denoted by z in the figure.

The source masses rotate around the dilution refrigerator (Oxford Instruments model DR200)
containing the pendula at approximately 1 rpm, and so the angular frequency is approximately
w= X s~ The gravitational forces on the pendula due to the source masses will thus be periodic
in time with a period of approximately 60 seconds (a 30-second period is theoretically possible due
to symmetry, but for systematic errors in the setup and design, the period will be assumed to be 60
seconds). The magnitude of the gravitational forces will vary according to Newton’s inverse-square
law. In each instant in time, the forces on the pendula can be calculated. Assuming that the
angular frequency of the rotating source masses is sufficiently small, a quasi-static model can be
implemented, in which the system is in static equilibrium at any given time.

Figure 12 shows the system at an arbitrary instant in time where § = wt. The forces F; and Fq
are gravitational forces exerted by the source masses. Fj3 is the gravitational force exerted by the
opposite pendulum. The separation distance between the two pendula is s. Let the vertical faces

of the source masses that are (roughly) oriented radially have length a, the vertical faces facing the

dilution refrigerators have length b, and the heights have dimension c.
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Figure 12: The experimental setup of the Cavendish-like experiment. The figure shows a snapshot
of the dynamic system, where the small displacements of the pendula have, for the moment, been
neglected. The coordinates z,y, and z will vary with the angle 6, but the unit vectors i, j, and k
will remain constant as depicted in the figure. Recall that the pendula are constrained to move
along the axis parallel to the unit vector i.

A differential mass element dM of the upper source mass in Figure 12 exerts a differential force

on the right pendulum with magnitude (direction will be considered separately) given by

Gm Gmp 4y (365)

dFi{|= ———-dM = —————=dV,
|dF| 22+ o2 + 22 22 £ 42 + 22

where p is the density of the material (assumed to be uniform). Integrating this expression, we

obtain the total force exerted by the upper source mass, given by

c/2 s/2sinwt+b/2 pR—s/2coswt+a drdud
[Fy| = Gmp / / / _ dedyds (366)
—c/2 Js/2sinwt—b/2 JR—s/2coswt T2+ yT+z

Similarly, the total force exerted on the right pendulum by the lower source mass in Figure 12 is
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given by

c/2 s/2sinwt+b/2 pR+s/2coswt+a
[Fs| = Gmp / / / _dwdyds (367)
—c/2 Js/2sinwt—b/2 J R+s/2coswt 4ty +z

It is stated here without proof that the angle 5 subtended by vector F; and the line joining the

two pendula in Figure 12 satisfies the equations

= (R +a/2)? cos? wt + 52 /4 — s(R + a/2) coswt
s \/ (R+a/2)? + s2/4 — s(R+ a/2) coswt (368a)
sinf = (R+a/2)sinwt s

V(R +a/2)? +s2/4— s(R+ a/2) coswt

and that the angle v subtended by F5 and the line joining the two pendula in Figure 12 satisfies the

equations

5 + coswt
cosy = 2fita - (369a)
\/(2.38-"-(1 + cos wt) + sin® wt
i t
siny = e : (369D)

\/(QRSM + cos wt) + sin® wt

and thus the full expressions for the forces acting on the right pendulum in Figure 12 are given by

c/2 s/2sinwt+b/2 pR—s/2coswt+a drdud

Fl - Gmp/—c/? /S/ZSinwt—b/Q /R—s/Qcoswt 2 +y2 +22 (C056 1+Slnﬁj) (370)
c/2 s/2sinwt+b/2 pR+s/2coswtta dedud

F, = Gmp L (—cosyi—sinyj), (371)
—c/2 Js/2sinwt—b/2 JR+s/2coswt x? + y2 + 22

assuming that the pendula and the centers of mass of the source masses are coplanar. Recalling that
the pendula are constrained to move along the axis parallel to the unit vector i, the unconstrained

components of the forces exerted by the source masses on the right pendulum are given by

c/2 s/2sinwt+b/2 pR—s/2coswt+a drdud

Fi = Gmpcosp / / % (372)
—c/2Js/2sinwt—b/2 JR—s/2coswt =y +z
c/2 s/2sinwt+b/2 prR+s/2coswt+a drdud

F, = Gmpcosy / / % (373)
—c/2 Js/2sinwt—b/2 JR+s/2coswt T2+ Y+ z
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The force exerted by the left pendulum on the right pendulum is anti-parallel to i, and its

magnitude is given by

- (374)

Viewing the right pendulum from the side, the free body diagram can be pictured as in Figure

13.Comparing the vertical and horizontal components of the vectors in Figure 13, we obtain an

mg

Figure 13: Free-body diagram of one pendulum acted upon by the tidal forces of the rotating source
masses.

expression for the deflection magnitude d,,, given by

y4
~— (F} — Fy, — F:
dn mg( 1 2 3), (375)

where we have assumed d,, to be small, so that (375) is explicit. The subscript n is used for the case
that the pendula are normal, so that both the ionic lattice and the valence electron system follow
the same local geodesics. It is likely that F3 can be neglected if the source masses are sufficiently

large.

Let us now turn to the concept of charge separation within superconductors. Let the pendula now
be superconducting, and share a continuous superconducting connection, so that the Cooper-pair
wavefunction has a constant phase across both pendula. If we assume that only the ionic lattice of the

pendula are subject to the gravitational forces of the source masses, a charge separation will ensue.
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For the moment, let us assume that the Cooper pair wavefunction is completely rigid, and that
the superfluid will therefore remain motionless with respect to the center of mass of the pendulum
system, which lies approximately at the midpoint between the two pendula. This charge separation
will cause Coulomb forces both between the two pendula, and within the pendula themselves. These
forces must be taken into account to accurately predict the motions of the ionic lattices, and the

magnitude of the charge separation.

+Q -Q -Q +Q

S

Figure 14: Superconducting pendula under the influence of tidal forces that produce charge separa-
tion. The physical dimension of the pendulum along the axis of the charge separation is given by
L, and the center-to-center distance between the pendula is given by s.

Figure 14 shows the pendula at an instant in time when the ionic lattices are pulled outwards
by the source masses. The charged faces of the pendula are modeled here using point charges.
Summing the Coulombic forces that the left pendulum exerts on the ionic lattice of the right

pendulum in Figure 14, it can be shown that the total Coulombic force is

-Q? [L(Qs + L)} )

Foa>o™ dmegs? | (s+ L)? b (376)

where the charge extrusion distance d has been ignored, since d is much smaller than s and L. The
Coulomb force on the ionic lattice of the right pendulum exerted by the electron superfluid within
the right pendulum, due to charge separation, is

Q2

T Inel? i, (377)

Fc,d>0 ~

where the same approximation has been used. The subscript d > 0 has been used since (376) and

(377) are only valid when the positively-charged ionic lattice is extruded from the negatively-charged
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superfluid on the outer faces of the pendula. When the signs of the charges are reversed, the forces
on the ionic lattice of the right pendulum can be found by making the substitution L — —L, so the
general expression for the Coulombic forces on the right pendulum are

Fo =~
Q 4megs?

—Q? {Lsgn(d) [2s + Lsg2n(d)] } i (378)
[s + Lsgn(d)]

and
. Q%gn(d),
Fom == 20t (379)
where
1, d>0
sgn(d) =49 0, d=0 (380)
-1, d<0

Considering all forces on a single superconducting pendulum, we have a model that is similar to
3

that depicted in Figure 13, but Fg and F. are considered, in addition to Z F;. For this case,
i=1

¢
d~ — (Fy — Fy— Fy — Fo — F,), 1
mg(1 b — I3 — Fg — F) (381)

where Fy and F, are the magnitudes of the vectors defined in (378) and (379), respectively.

The extruded charge @) depends on the extrusion length. Starting with

Q = 2en,V, (382)

where ng is the superconducting electron density, —2e is the Cooper pair charge, and V is the
extrusion volume. The current experimental design involves cylindrically-shaped pendula, so (382)

becomes

Q = 2en,mrid, (383)
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where 7 is the cylindrical radius of the sample. Thus,

Q
d= —"—— 384
2engmr?’ (384)
and it is noted that
sgn(d) = sgn(Q). (385)

Substitution of (384) and (385) into (381), we have

2engmrl

Q (386)

(m p g @mQ {L 25 + Lsgn(Q)] } - Q%gn(@)) |
mg

4megs? [s + Lsgn(Q)]2 4meqL?

The feasibility of detecting this charge in the laboratory will be discussed in Section 7.5.
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7.4 Beyond First Order: Exploring the Zero-Momentum Approximation

In the previous sections, the approximation was made that the electron superfluid of the supercon-
ducting sample had infinite quantum rigidity. This approximation is only valid if the wavefunction is
sufficiently incompressible when acted upon by weak tidal gravitational fields, as well as sufficiently
incompressible when compared to the ionic lattice of the system to cause a charge separation. To
show that this is the case, consider the complex order parameter ¢ in the Ginzburg-Landau theory
of superconductivity. The complex order parameter for a semi-infinite superconductor (where the
superconductor resides in the half-plane « > 0) is the solution to the time-independent, non-linear

Schrodinger equation
2

4me,

V2o +ap+ 5 oo =0, (387)
where a and 3 are phenomenological parameters given by

h2

_ 388
“ 4me§3 (388)
h4
5 = M0747 (389)
16m2¢,B2

where & is the coherence length, and B, is the critical magnetic field of the superconducting material.

The solution to (387) is given by [65]
¢ = @y tanh (Cx), (390)

where C = and

1
V2¢,’

[2]a)  2¢yB. |2m,
= = 1
%o /6 i Lo ) (39 )

is the value of ¢ at positive infinity. For a finite superconductor, the complex order parameter is
well approximated by

¢ (z) = @y {tanh (Cz) + tanh [C' (L — x)] — 1}, (392)
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where L is the length of the sample in the z dimension. The form of (392) was determined by noting
the qualitative similarity of the hyperbolic tangent function and the Heaviside function. Figure 15
shows the analytical solutions for two semi-infinite superconductors (where C' = 1 arbitrary unit of
inverse length and L = 10 units of length), and the approximate solution for a finite superconductor,
given by (392). The approximation is valid as long as the length L of the finite superconductor is

much greater than the coherence length &,.

—Semi-infinite superconductor in the x>0 half-plane
——Semi-infinite superconductor in the x<10 plane
12r -==Approximate solution for a finite superconductor
1
0.8r |
o
\>~
> Xq
06F B
04r b
0.2r |
0 . . . .
0 2 4 6 8 10

Figure 15: Plot of complex order parameters for semi-infinite superconductors, and an approximation
for a finite superconductor.

The free energy density of a superconductor is given by [25]

2
B2
+ (393)

2 B 1 . d
= f, = — || —ih— — 2eA — 2m.h ,
f=fno+alyl +2|90| +4 e’( ih—— = 2e m )w 2

where DeWitt’s minimal coupling rule [15] has been included to account for tidal gravitational fields.
The factors of 2 that appear in the minimal coupling rule in this expression are due to the fact that

the mass and charge of a Cooper pair are twice that of a single electron. Near T' = 0, and in the
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absence of any persistent currents or external electromagnetic fields, this becomes

. d
Fo= el Glelt+ g | (it - 2man) o (304)
2 5 4 1 d gt ?
= = — || —th— — 2m,
alol® + 2l *m‘( g omBs) ¢
1 de\? £\
= ap —&—6904—1— h? & —|—4m§ gt z2p?
4me, dx E
2 2 2
_ G 2l 2y Boa I (de
- a+me<RE) T T s e
The derivative of ¢ is equal to
d‘P 2
I = Cipy {sech® (Cz) — sech® [C (L — z)]}, (395)
and so the free energy density is
0\ 2
f o= la+me (]g) xQ] 2 {tanh (Cz) + tanh [C (L — 2)] — 1} (396)
E

2

+§g@% {tanh (Cz) + tanh [C (L — x)] 2 {sech? (Cz) — sech® [C (L — )]} .

The force is equal to the derivative with respect to L of the free energy, which is equal to the integral

with respect to x of the free energy density, so by the fundamental theorem of calculus,

dL T dL / J (L), (397)

which is equal to

2 2

C%p? {sech2 (Cz) —1}".

@2 [tanh (CL) — 1]2+§¢3 [tanh (CL) — 1]*+

(398)
This force is on the order of Newtons for aluminum, and kilo-Newtons for lead. Since the tidal

gravitational field of the Earth will not produce these forces under ordinary circumstances (i.e.
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realistic masses and separation distances), the zero-momentum approximation is valid while the

entire electron superfluid remains in the BCS ground state.
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7.5 Experimental Detection of Charge Separation Induced by External
Source Masses
Two stacks of lead bricks were diametrically placed on a heavy-duty rotating platform (Synergy

model 788088). Each stack has a mass of approximately 430 kg. Figure 16 shows a drawing of the

experimental configuration. Since there are several ways to orient the bricks, the orientation used

——

w

Figure 16: A drawing of the experimental setup used in the charge separation experiment. The
grey blocks are lead masses of approximately 430 kg each, which are placed on a rotating turntable.
The dashed line is a stationary dilution refrigerator, containing the superconducting pendula. The
pendula are the only superconducting material used in the experiment.

was that which gave the largest outward deflection of the pendula when the line joining the centers
of the source masses is co-linear with the line joining the axis of the pendula, found by evaluating the
integral in (372) for all possible combinations of a, b, and c. It was found that a=6 in, b=24 in, and
¢=16 in led to this maximum deflection. These values (in meters) were used in calculation of the
forces that appear in the expression for the charge in (386). Solving this expression explicitly for @
is non-trivial, so a numerical method was used, with fixed values determined by actual experimental
constraints. The expressions for F} and F; were evaluated separately, using an adaptive Simpson
quadrature numerical integration method. Figure 17 shows the expected charge as a function of

time using realistic values for the experiment to be performed in a laboratory setting.
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Charge on outer face of single pendulum vs. time
6 T T T T T

Q(pC)

0 20 40 60 80 100 120

Figure 17: Charge vs. time in the charge separation experiment.
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7.6 Experimental Results and Conclusions

The data collected from the electrometer failed to reproduce the predicted curve depicted in Figure
17. The electrometer showed a DC offset of approximately 3 pC at its most sensitive detection
range. The specifications for the electrometer state that variations in charge in the femto-Coulomb
range should be detectable. However, the charge signal remained flat during the rotation of the
masses, with a noise floor of roughly 400 fC. Data was continuously collected and averaged while
the masses were stationary, continuously collected and averaged again after rotating the masses by
90 degrees, where the largest difference was expected, and the two sets were compared to see if any
difference was present. No substantial difference was observed.

However, with full credit to be given to Luis Martinez, this negative result may be able to be
explained using the London equation

av

ot’

2 0]

E= :UO)‘L&

= 2\ nge (399)

where current density j =2nsev. This equation shows that a DC electric field within a supercon-
ductor will accelerate Cooper-pair electrons to infinite velocities, which is unphysical. Thus, only
the electric field that arises due to the Schiff-Barnhill effect can be present within a superconductor.

If the charge separation predicted in the preceding experiment were to occur, charge layers would
be formed that have a voltage potential between them of approximately 1 volt. Thus, kinetic energy
would be imparted to the Cooper-pair electrons with a magnitude on the order of an electron volt.

The BCS energy gap for temperatures T' < T, is well-approximated by

Egap ~ 3.5kp T, (400)

where kp is Boltzmann’s constant, and 7T is the critical temperature of the material. Using the
known value of the critical temperature of aluminum (7;. a; = 1.1 K [64]), the gap energy is less than

1 meV, suggesting that pair-breaking within the electron superfluid is a more energetically favorable
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outcome than low-frequency charge separation. It is noted that the experiments were performed at
temperatures of approximately 30 mK, so the approximation in (400) is valid.

Thus, it is expected that when low-frequency relative motion exists between the ions and the
electron superfluid, pair-breaking occurs so that normal electrons accumulate to oppose the electric
field induced by the gravitational field. At first glance, it appears that no charge separation can exist
within the superconductor, and that the arguments presented in favor of the reflection of gravitational
radiation from a thin superconducting film are invalid. However, (399) only precludes low-frequency
electric fields from existing within a superconductor. For sufficiently large superconducting films,
and sufficiently high gravitational radiation frequencies, reflection can occur. As discussed in
Section 6.8, there should always be a regime where the superconductor will respond linearly to the
gravitational radiation field, thus making efficient mirrors for gravitational radiation a possibility.

These results suggest that charge separation within superconductors will not occur in the presence
of low-frequency/high-amplitude gravitational radiation, but the possibility of charge separation in

the presence of high-frequency/low-amplitude gravitational radiation remains.
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8 Gravitational Wave Transducer Experiment

Section 6.11 discussed transduction between gravitational wave power and electromagnetic wave
power. Experiments have been performed in the Chiao lab on using efficient conversion between
the two types of waves to communicate using gravitational carrier waves. The transmitter apparatus
consisted of a two-body superconducting system that would convert microwave-frequency EM input
to a GR output at the same frequency. The emitted GR waves should scatter from a second two-
body superconducting system in a receiver apparatus to create EM radiation that could be detected

with a quadrupole antenna.

8.1 Brief Outline of Proposed Experiment

There is no physical principle which forbids the conversion of electromagnetic wave energy into
gravitational wave energy, or vice versa. Here a method is proposed to perform this conversion
efficiently using macroscopically coherent, charged quantum matter. Specifically, it is proposed that
the use of pairs of charged superconducting spheres at cryogenic temperatures as efficient “quantum
transducers” for this wave-to-wave conversion process. The charge on the spheres enables them
to couple to electromagnetic radiation, and their mass enables them to couple to gravitational
radiation. The superconductors possess a macroscopic quantum coherence that makes the wave-to-
wave conversion process efficient. The spheres and their separations are designed to be comparable
in size to the microwave wavelength of the radiations which are being converted from one form to
the other, so that the system becomes an efficient quadrupole antenna for coupling to both kinds of
radiations. Important applications to communications would immediately follow from a successful
implementation of this kind of device, since the Earth is transparent to gravitational radiation.
Based upon the linearization of Einstein’s field equations, and the BCS theory of superconduc-
tivity, the Chiao group at UC Merced has recently shown it to be theoretically possible to build a
high-efficiency communications transceiver that converts electromagnetic radiation to gravitational

radiation and vice-versa using the above two-charged-superconducting-sphere configurations. An
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impedance-matched transceiver has been shown in principle to be able to convert an input of 1 mW
of electromagnetic wave power to 0.5 mW of gravitational wave power.

The interaction of charged, macroscopically coherent quantum systems, such as a pair of charged
superconducting spheres, with both electromagnetic and gravitational waves, is to be studied exper-
imentally. When the charge-to-mass ratio of a pair of identical spheres is adjusted so as to satisfy
the “criticality condition” Q/M = \/4weqG, where ¢ is the permittivity of free space, and G is New-
ton’s gravitational constant, the attractive gravitational force will be balanced against the repulsive
electrostatic force between the two spheres. At criticality, when these two spheres undergo simple
harmonic motion relative to each other, they will generate equal amounts of GR and EM radiations
in an equipartition of energy. If the spheres are superconducting, they will also scatter an incoming
GR or EM wave into equal amounts of GR and EM radiations.

The superconducting spheres possess an energy gap (the BCS gap) separating the ground state
from all excited states. The quantum adiabatic theorem then implies that the quantum phase every-
where inside the superconductors, in their linear response to both kinds of weak incident electro-
magnetic and gravitational radiation fields, whose frequencies are less than the BCS gap frequency,
such as at microwave frequencies, will remain single-valued at all positions and times. This linear re-
sponse of these coherent quantum systems leads to hard-wall boundary conditions at the surfaces of
the spheres, in which both the incident EM and GR radiation fields will undergo specular reflections
at the surfaces of these superconducting spheres. Therefore the scattering cross-sections for both
kinds of radiation fields will be quite large, being on the order of ¢ = 27a?, where a is the radius of
the spheres, when the radii are comparable in size to the microwave wavelength. The distance sepa-
rating the two spheres will also be assumed to be comparable to the microwave wavelength. Under
these circumstances, the Mie scattering cross-sections of pairs of charged superconducting spheres
for both EM and GR radiations at microwave frequencies will be large enough to be detected.

At sufficiently low temperatures with respect to the BCS gap, all dissipative degrees of freedom

of the spheres will be frozen out by the Boltzmann factor. Then, at criticality, there will be an
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equipartition of energy into both kinds of scattered radiation, so that the scattering cross-section is
the same for the time-reverse process as for the time-forward process, by time-reversal symmetry.
This implies that a Hertz-like experiment, i.e., a transmitter-receiver (or “transceiver”) experiment,
in which GR waves are generated at the transmitter by EM microwaves incident on a pair of charged
superconducting spheres at criticality, and detected at the receiver by another pair of charged su-
perconducting (impedance-matched) spheres at criticality in a separate, EM shielded apparatus.
This would enable a communication device to make use of gravitational carrier waves, which, unlike

electromagnetic carrier waves, are not prone to mass-based attenuation.
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8.2 Levitation of Gravitational Wave Scatterers

One important aspect in the early stages of the transduction experiment was the levitation of the
quantum-coherent systems. Initially, charged superfluid helium drops were to be used, since they
exhibit the necessary quantum mechanical properties, such as a gap-protected ground state, required
for EM and GR wave transduction. Liquid helium drops can be levitated by inhomogeneous
magnetic fields [66], such as those created by a pair of coaxial, current-carrying coils, with their
currents oppositely oriented. In the special case that the radius of the coils is equal to the separation
distance, the system is commonly called a set of anti-Helmholtz coils. The magnetic energy density

of the inhomogeneous field is given by
B2
U=2>X (401)
249
where x is the magnetic susceptibility. Since liquid helium is diamagnetic, y is negative, and

therefore a force given by

X 2
F=-VU=-—-V (B 402
¥ (3) (a02)

will act to accelerate the helium drop towards the point of lowest field magnitude. Thus, for

levitation,

Ix|
Ho

0B
Ba,

’ > pg, (403)

where p is the mass density of liquid helium. Using these known values [67], the required value of
|B %—Jf‘ is 20.7 T? per cm. However, for the spatial constraints of the dilution refrigerator systems
in the Chiao lab, this required a current density of 70 kA per square cm within the magnetic coils,
which exceeded the maximum current density of 10 kA per square meter. Thus, a magnet which
would generate this force was not possible to integrate into the cryogenic system.

A superconductor shares many of the same quantum mechanical properties of superfluid helium,
and is a perfect diamagnet, where Yy = —1. Since the molar susceptibility of liquid helium is on the
order of 10° [68], much weaker levitation forces are required for superconductors, despite a larger

mass density. For superconducting lead, levitation can be achieved when |B%—f| is smaller by a
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factor on the order of 10* as compared to liquid helium.
The situation is slightly more complicated, however, as a pair of oppositely-oriented coils has only
one stable equilibrium point, and two objects are required for efficient transduction (see Section 6.9).

The following sections describe specific levitation methods that were considered for the experiment.
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8.2.1 Electrostatic Levitation Using a Charged Ring, and Extending Earnshaw’s The-

orem to Include Neutral, Polarizable Particles

Introduction In this tribute in honor of the memory of Prof. Dr. Herbert Walther, we consider
the possibility of extending his famous work on the trapping of an ordered lattice of ions [69]
in a Paul trap [70], to the trapping of neutral atoms, and more generally, to the levitation of
a macroscopic neutral polarizable object, in a purely electrostatic trap, for example, in the DC
electric field configuration of a charged ring. Earnshaw’s theorem will be extended to the case of
such neutral objects, and we shall show below that the stable levitation and trapping of a neutral,
polarizable object, which is a high-field seeker, is generally impossible in an arbitrary electrostatic
field configuration. We shall do this first for the special case of the electrostatic configuration of a

simple charged ring, and then for the general case of any DC electric field configuration.

P(x,0,z)

dqz’(X',-y,,O)

dq1,(x’:+y’:0)
Figure 18: A uniformly charged ring with radius a lies on the horizontal z-y plane, with its axis of

symmetry pointing along the vertical z axis. Can levitation and trapping of a neutral particle occur
stably near point L, where there is a convergence of E-field lines?

Consider the charged-ring geometry shown in Figure 18. The region near the so-called “levita-
tion” point L in this figure is akin to the focal region of a lens in optics. Just as two converging
rays of light emerging from a lens in physical optics cannot truly cross at a focus, but rather will

undergo an “avoided crossing” near the focal point of this lens due to diffraction, so likewise two
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converging lines of the electric field cannot cross, and therefore they will also undergo an “avoided
crossing” near L. There results a maximum in the z component of the electric field along the vertical
z axis at point L. The resulting “avoided crossing” region of electric field lines in the vicinity of
point L is therefore similar to the Gaussian beam-waist region of a focused laser beam. Ashkin and
his colleagues [71] showed that small dielectric particles, which are high-field seekers, are attracted
to, and can be stably trapped at, such Gaussian beam waists in “optical tweezers”. Similarly here
a neutral dielectric particle, which is a high-field seeker, will also be attracted to the region of the
convergence of E-field lines in the neighborhood of L, where there is a local maximum in the electric
field along the z axis. The question arises: Can such a high-field seeker be stably levitated and

trapped near L7
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Calculation of the Electric Potential and Field of a Charged Ring The electric potential

at the field point P due to a charge element dq’ of the ring is given in by

/
do — 24 (404)
T

where the distance r from the source point, whose coordinates are (z’,%,0), to the field point P,

whose coordinates are (z,0, 2), is

r=/(z' — )2 +y?+ 22 (405)

(Primed quantities refer to the source point; unprimed ones to the field point). Since the charged

ring forms a circle of radius a which lies on the horizontal z-y plane,
2?4+ y%=a%. (406)

An infinitesimal charge element dq’ spanning an infinitesimal azimuthal angle of d¢’ can be

expressed as follows:
dq = (Q) ad¢’ = — (Q> _ad(@'/a) (407)

2ra 2ra 1-— (;L"/a)Q

where @ is the total charge of the ring. Let us introduce the dimensionless variables

/ /
f’Ex—,n’Ey—,CEE,EEE. (408)
a a a a
Thus
g =@
21 /1 — 6/2 ’

Due to the bilateral symmetry of the ring under the reflection ¢y’ — —y/, it is useful to sum up
in pairs the contribution to the electric potential from symmetric pairs of charge elements, such as

dq; and dgy with coordinates (z/,+y’,0) and (2, —y’,0), respectively, shown in Figure 18. These
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two charge elements contribute equally to the electric potential ® if they span the same infinitesimal

azimuthal angle d¢’. Thus one obtains

P (c,() = @ Hd&' ! ! : (409)
a1 T 1?2 -2 +1+ (2

Along the z axis, this reduces to the well-known result

et __ @
a\1+¢ V242

®(c=10,() = (410)

The z component of the electric field, which is the dominant E-field component in the neighborhood

of point L, is given by

0 Q AR | 1
E,=——= —2§ d€ > T - (411)
0z ma®” ) " 1-¢ (\/52—2s§’+1+<2)
Along the z axis, this also reduces to the well-known result
B9 (412)
(22 + a2)3/2
which has a maximum value at
1
2= (413)

ﬁorgozﬁ.

The “levitation” point L then has the coordinates

L (07 0, \%) , (414)

neglecting for the moment the downwards displacement of a light particle due to gravity.

The potential energy U for trapping a neutral particle with polarizability « in the presence of
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an electric field (E,, Ey, E.) is given by

1 2 2 AN 1 2
U=-3a (E2+E. + E2) ~ ol (415)

since the contributions to U from the 2 and y components of the electric field, which vanish as *

near the z axis for small €, can be neglected in a small neighborhood of L.
We now calculate the curvature at the bottom of the potential-energy well U along the longitu-

dinal z axis, and also along the transverse x axis. The force on the particle is given by
F=-VU. (416)

Therefore the z component of the force is, to a good approximation,

oL,
0z’

F.=aFE. (417)

and the Hooke’s law constant k, in the longitudinal z direction is given by

OF, OE.\? 9°E,
k= ——- O‘{(az) + B } ; (418)

where all quantities are to be evaluated at L where ¢ = 0 and ¢, = 1/v/2. Taking the indicated

derivatives and evaluating them at L, one obtains

32 aQ?

kyl, =+ = 41

where the positive sign indicates a longitudinal stability of the trap in the vertical z direction.

The = component of the force is, to the same approximation,

oL,
ox ’

F, = aE, (420)
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and the Hooke’s law constant k, in the transverse = direction is

OF, 0B\’ O°E.
kx:_ax __a{((?x) & 8x2}’ (421)

where again all quantities are to be evaluated at L where ¢ = 0 and {, = 1/ V2. Again taking the

indicated derivatives and evaluating them at L, one obtains

16 aQ?
k1|L:_8717 ) (422)
where the negative sign indicates a transverse instability in the horizontal x direction.
Similarly, the Hooke’s law constant &, in the transverse y direction is
k . 16 OéC?2 492
vl = T 81 ab (423)

where the negative sign indicates a transverse instability in the horizontal y direction. Note that the
trap is azimuthally symmetric around the vertical axis, so that the z and y directions are equivalent
to each other. Because of the negativity of two of the three Hooke’s constants k;, k,, and k., the
trap will be unstable for small displacements in two of the three spatial dimensions near L, and hence
L is a saddle point. Note also that the sum of the three Hooke’s constants in Equations (419),(422),
and (423) is zero, i.e.,

ko4 ky + k. = 0. (424)
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Earnshaw’s Theorem Revisited We shall see that Equation (424) can be derived from Earn-
shaw’s theorem when one generalizes this theorem from the case of a charged particle to the case of
a neutral, polarizable particle in an arbitrary DC electrostatic field configuration. A quantitative
consideration of the force on the particle due to the uniform gravitational field of the Earth, in
conjunction with the force due to the DC electrostatic field configuration, does not change the gen-
eral conclusion that the mechanical equilibrium for both charged and neutral polarizable particles

is unstable.

Charged Particle Case We shall first briefly review here Earnshaw’s theorem [72], which implies
an instability of a charged particle placed into any configuration of electrostatic fields in a charge-
free region of space in the absence of gravity. Suppose that there exist a point L of mechanical
equilibrium of a charged particle with charge ¢ in the presence of arbitrary DC electrostatic fields

in empty space. The potential ® for these fields obey Laplace’s equation

R

Vo= ——+ - +—— =0. 425
Ox? + Oy? + 022 (425)
Now the force on the charged particle is given by
0P 0P 0P
F=—¢V®=—gqe,—— oo te:oo o = (e By, Fr), 426
Vo ——q{e. 5 e, 5 +e. 50} = (FFuF) (426)

where e;, e, e, are the three unit vectors in the z, y, and z directions, respectively. By hypothesis,

at the point L of mechanical equilibrium

e
ox

oo
L oy

0P
L (427)

L
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Stable equilibrium would require all three Hooke’s constants k., ky, and k, at point L to be positive

definite, i.e.,

OF, 0%
ka: _ _ _ > O 428
ox ox? (428)

OF, 0%

k —_ Y — 42

Yy ax 8y2 >0 ( 9)

OF, 0%
k, = — —1 >0. 430
Oz 022 (430)

However, Laplace’s equation, Equation (425), can be rewritten as follows:

ky +ky+ k., =0, (431)

i.e., the sum of the three components of Hooke’s constants for the charged particle must be exactly

zero. The simultaneous positivity of all three Hooke’s constants is inconsistent with this, and hence

at least one of the Hooke’s constants along one of the three spatial directions must be negative.

Therefore the system is unstable.

The azimuthally symmetric field configurations like that of a charged ring is an important special

case. Let z be the vertical symmetry axis of the ring. Suppose that there is stability in the

longitudinal z direction (such as along the z axis above point L), so that

k. >0 . (432)
By symmetry
ky=ky=k, (433)
so that Equation (431) implies that
1
hi=—gk: <0, (434)

implying instability in the two transverse x and y directions.
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Conversely, suppose there is instability in the longitudinal z direction (such as along the z axis
below point L), so that

k,<0. (435)

Again, by symmetry

ky =ky =k, (436)

so that Equation (431) implies that

1
kl - 75]@2 > 0,

implying stability in the two transverse x and y directions.
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Adding a Uniform Gravitational Field Such as the Earth’s, in the Case of a Charged
Object The potential energy of a charged, massive particle in a DC electrostatic field in the

presence of Earth’s gravitational field is

Uior = q® + mgz. (437)

Note that the term due to gravity, i.e., the mgz term, is linear in z, and therefore will vanish upon
taking the second partial derivatives of this term. Therefore the Hooke’s constants ks, k,, and k.

will be unaffected by Earth’s gravity. The force on the particle is

Ftot = *VUtmg = qu<I> — mge, (438)

where e, is the unit vector in the vertical z direction. In equilibrium, F;,; = 0, but this equilibrium
is again unstable, since upon taking another partial derivative of the term mge, with respect to z
will yield zero, and therefore all of the above Hooke’s law constants are the same in the presence as

in the absence of Earth’s gravity.
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Generalization to the Case of a Neutral, Polarizable Particle Now suppose that there
exists a point L of mechanical equilibrium of the neutral particle with positive polarizability « > 0
somewhere within an arbitrary electrostatic field configuration. Such a particle is a high-field seeker,
and hence point L must be a point of high field strength. Choose the coordinate system so that the z
axis is aligned with respect to the local dominant electric field at point L. Thus the dominant electric
field component at L is thus E,. The potential energy U for a neutral particle with polarizability «
in the presence of an electric field (E,, By, E,) is given by

1 1
U= —50 (E2+E}+E2) ~ fiaEf, (439)

since the contributions to U from the 2 and y components of the electric field, which vanish as *

near the z axis for small €, can be neglected in a small neighborhood of L. The force on the particle
is

F=-VU. (440)
Therefore the z component of the force is, to a good approximation,

oL,

F.=aFE,— , 441
4, (441)
and the Hooke’s law constant k, in the z direction is given by
OF, 9E.\* O°E, PE,
k,=— =— E,—— =—alb,—-—| , 442
0z “ {( 0z > * 022 HL “ 022 |, (442)
where the last equality follows from the hypothesis of mechanical equilibrium at point L.
Similarly, the £ component of the force is, to the same approximation,
oF,
Fm = Ez 5 443
ak.— (443)
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and the Hooke’s law constant k, in the z direction is given by

ox ox ® 0x2 “ oz |,

2 2 2
kw:_aFZ:_a{<aEz> +E8EZH _ . PE. aad)
L

where the last equality follows from the hypothesis of mechanical equilibrium at point L.

Similarly the y component of the force is, to a good approximation,

oF
F, = aFE, 8yz , (445)
and the Hooke’s law constant &, in the y direction is given by
OF, (aEz ) 2 9%E, O%E,
ky, = — =—«a +FE,— =—aFb,—~| , 446
Y Oy { Oy Oy? ; o |, (446)

where again the last equality follows from the hypothesis of mechanical equilibrium at point L.

Thus the sum of the Hooke’s law constants along the z, y, and z axes is given by

0°E, O0’E, O°E,
fothythe = o {E ( o2 T oy T o2 )} .
0 (0*°® 0%d 0%®
Therefore
(ke +ky + k)|, =0, (448)

and again, the sum of the three Hooke’s law constants must be exactly zero according to Laplace’s
equation.

Suppose that the system possesses axial symmetry around the z axis with

k. >0, (449)
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i.e., with stability along the z axis. Then by symmetry
ky=ky=k1 (450)

so that Equation (448) implies that

1
ku_ = —ikz < 0 5 (451)

implying instability in both x and y directions. This is exactly what we found by explicit calculation

for the case of a neutral, polarizable object near point L of the charged ring.
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Adding a Uniform Gravitational Field Such as the Earth’s, in the Case of a Neutral,
Polarizable Object The potential energy of a neutral, polarizable, massive particle in a DC

electrostatic field plus Earth’s gravity is

Uiot = U +mgz. (452)

Again, note that the term due to gravity, i.e., the mgz term, is linear in z, and therefore will vanish
upon taking the second partial derivatives of this term. Therefore again the Hooke’s constants k.,

ky, and k, will not be affected by Earth’s gravity. The force on the particle is

Fiot = =VUiot = —qVU — mge, (453)

where e, is the unit vector in the vertical z direction. In equilibrium, F;,; = 0, but this equilibrium
is again unstable, since upon taking another partial derivative of the term mge, with respect to
z will yield zero, and therefore again all of the above Hooke’s law constants are the same in the

presence as in the absence of Earth’s gravity.
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The Electric Field Distributions of a Charged Ring and a Focused Laser Beam Small
dielectric particles have been stably trapped at the maximum of the square of the electric field in
focused laser beams, also known as Gaussian beam waists. How is this situation different from the
case of the charged ring? Figure 19 shows a depiction of the electric field distributions in each case.
The electric potential for the charged ring is a harmonic function, as it solves Laplace’s equation,
which causes this distribution to be governed by Earnshaw’s theorem. While the square of the
electric field at point L is a local maximum in the vertical direction, it is a local minimum along the
horizontal plane, giving rise to the previously discussed transverse instability. In a focused laser
beam, however, the electric potential is a solution of the Helmholtz equation, and thus Earnshaw’s
theorem does not apply. The square of the electric field at the levitation point of the focused
laser beam is a local maximum in all three spatial directions, and the electric field strength rapidly

approaches zero outside of the beam.

E=0 60 I) E=0
>

- >

Charged Ring Lens

Figure 19: Comparison of the electric field distributions of a charged ring and a focused laser beam.
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8.2.2 Ways to Evade Earnshaw’s Theorem

Some known ways to evade Earnshaw’s theorem and thereby to construct a truly stable trap for
charged particles or for neutral particles are (1) to use non-electrostatic fields such as a DC magnetic
field (e.g., the Penning trap [73]) in conjunction with DC electric fields, or (2) to use time-varying,
AC electric fields, rather than DC fields (e.g., the Paul trap [70]), or (3) to use active feedback to
stabilize the neutral equilibrium of a charged particle in a uniform electric field, such as was done
for a charged superfluid helium drop [74], or (4) to use the low-field seeking property of neutral,
diamagnetic objects to levitate them in strong, inhomogeneous magnetic fields [66]. The latter two
methods may be useful for levitating the superfluid helium “Millikan oil drops” in the experiment

described in [75].
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Magnetostatic Levitation Consider a thin ring of radius R in the zy-plane with its center placed
at the origin. The ring is carrying a current I with direction parallel to differential direction vector

ds. The magnetic field at an arbitrary field point (z, z) is given by the Biot-Savart law

Mildsxr

dB =
Ar 3

(454)

where r is the vector that points from ds to the field point. The axial symmetry of the problem
allows for consideration of the field point to be along a single radial axis and a vertical axis only,

without loss of generality. This configuration is shown in Figure 20.

Figure 20: A thin, current-carrying ring creates a magnetic field at an arbitrary field point given by
the Biot-Savart law.

The vectors ds and r on the right side of (454) are given by

ds = (—Rsinf df, Rcosf db,0) (455)

r = ({(x— Rcosf,—Rsinb,z), (456)

in Cartesian coordinates, and thus the field is given by

(457)

G _,uOI/2Tr <ZCOSQ70,R2—.’ERCOSQ> do
ring —
o

4m 22+ 22 4+ R? — 2z R cos 9)3/2.
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To find the magnetic field of a thin shell of length L with its axis along the z-axis, and its ends
at z =0 and z = L, (457) must be integrated with respect to z and multiplied by %, where N is

the number of turns in the shell. Thus,

NI 2 20059 0,R%? — xRcos6) db dz
Biheu = u / / ) (458)

(2 + 22 4+ R? — 2z R cos 9)3/2 .
To find the magnetic field of a thick, finite solenoid of length L and thickness ro — 1, where 71
and ry are the inner and outer radii of the solenoid, respectively, with its axis along the z-axis, and

its ends at z = 0 and z = L, (458) must be integrated with respect to R and divided by ry — 7.

Thus,

Bsolenoid (459)

NI / /2”/ (2c086,0,R* — xRcos0) dr df dz
4mL(ry — 1) x2+22+R2—2xR0050)3/2 .

Stable levitation can occur at minima in the total potential energy density u, which consists of a
magnetic field term and a gravitational field term. The expression for this potential energy density
is

2

o (460)

U =up+ug =

There are no local extrema in the potential energy density for a single coil, but two coaxial coils,
separated by distance d and oriented such that their fields are anti-parallel have zero potential energy
density at z = L+d/2, which is a local minimum. The magnetic field of the second coil can be found
using the replacements I — —I and z — d — z in (459), and the two can be added vectorially to find
the total field. When the radius of two identical coils in this configuration is equal to the separation
distance, the system is commonly called a set of “anti-Helmholtz coils,” or “Helmholtz coils” when
the fields are parallel. A contour plot of the potential energy density, where the magnetic term
is produced by a set of oppositely-oriented coils, is shown in Figure 21. The closed contour in
the center of the coils contains the local minimum, where stable levitation of a perfect diamagnet
(e.g. superconductor) can occur. The magnetic field was calculated numerically, using a Gaussian

quadrature method.
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Magnetic and Grav itational Energy Density vs. Position
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Figure 21: Contour plot of potential energy density in a DC homogeneous gravitational field and
a inhomogeneous magnetostatic field for perfect diamagnets with mass density p = 1 g/cm?®. The
two small closed curves contain local minima at which the diamagnets can be stably levitated.

Two superconducting samples will be stably levitated at these local minima, as long as they are
sufficiently small. This requirement is not due to the necessity of a small mass, since the location
of the potential minima is dependent on the mass density, and not the mass itself, but due to the
fact that the superconductors must remain within a region where the magnetic field is below the
critical field of the superconducting material used. Though the figure depicts local minima for
perfect diamagnets with a fairly low mass density, the complete expulsion of the magnetic field from
the interior of the superconductor will occur as long as the superconducting portion of the sample
is thicker than the London penetration depth, which tends to be on the order of tens of nanometers
for Type-I superconductors. Thus, the sample need not be a solid superconductor.

Another aspect to consider is the depth of the potential energy wells. The depth must be
sufficiently large for stable levitation to be maintained if the system is perturbed. In performing
a Taylor expansion of the total potential around the levitation points, it was found that, for small
displacements from equilibrium (around 1 mm), the oscillation frequencies are on the order of tens
of Hertz in all three spatial directions, and the center of mass of the samples can be moved up to a

few centimeters in any direction before they are pulled out of the potential well.
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The final concern is the value of the magnetic field at points near the levitation point. If the
value of the magnetic field is too high, the superconductor will be driven normal, lose its perfect
diamagnetism, and will no longer be levitated by the field. The magnetic field at the levitation
point is approximately 200 G. Though this is above the critical field of aluminum near absolute zero
temperature (approximately 100 G), it is below the critical field of lead, which is approximately 800
G. If the levitated spheres can have a diameter of less than approximately 1.5 cm, they will remain

completely within a region that is below the critical field, and thus will remain superconducting.
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9 Conclusions

Many research possibilities, both theoretical and experimental, arising from the incompressibility of
the quantum mechanical wavefunction have yet to be explored. Though difficult to perform, an
experiment to detect the transition frequency shift in a Rydberg atom in curved space (such as in
a highly-elliptical orbit around the Earth) may yield interesting results if and when the technology
becomes available to make this endeavor more practical. Upon calculating energy shifts both in the
Parker and DeWitt cases, many patterns arose, and it would be useful to construct a comprehensive
mathematical model that explains these trends. Though some of those trends were explained in
this work, a full model was not developed.

Successful, efficient implementation of the transduction between gravitational and electromag-
netic radiation would revolutionize communications, as the attenuation by massive objects that
affects electromagnetic radiation is practically invisible to gravitational radiation. Furthermore,
wireless power transfer may become a possibility as well, through the generation of electrical power
through time-varying gravitational fields.

Experimental detection of the behavior of quantum-mechanically coherent systems in inhomo-
geneous gravitational fields may lead to a better understanding of the interface between quantum
mechanics and general relativity, where some inconsistencies arise. The scenarios outlined in this
work are but a fraction of the total number of possibilities that would come out of different behavior

between quantum and classical matter in the presence of gravitational fields.
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and that

R= (1 - 2lz'X/Z> (1 + 21z'X/Z>

x\?|
=<1 2—
With the identifications of X = X1 and Z = Z;, we see that the reflectivity of the reactive

element has the same form as the EM reflectivity of the superconducting film given by (189).
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d —Me
Me dat (Ve) =

(ve) — €eE |

where we use the semi-classical approach in which the electrons are treated quantum-
mechanically, and the external fields classically. This Langevin-like equation follows from the
Fokker-Planck equation, which models diffusion in phase-space. The mean free time 7 in the
Drude model is assumed to be d/vrp where d is the thickness of the film and vp is the Fermi

velocity. The steady-state solution of this model is given by

(Ve(t = 0)) = ;L—ecE .

If we now use the usual expression for the current density

<'e> = Ne€ <Ve>

where n, is the number density of the electrons, we see that

Me VR

Equating o, with the prefactor on the right-hand side, we recover Ohm’s law and arrive at the
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Now, the dispersion relation for de-Broglie matter waves is given by

e
o2m
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