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Nonlinear Shallow-Water Equations
Let ™ = @/@o, N" =1/, U* = ufuUg, Ug = No/9/Po» No/Po = K1

% %
(;[7 [u (p+ 577)] O «<—— mass conservation
ou o

ot T OX L7+ a0 K 2]=0 momentum conservation

initial conditions: t=0: n(x,0)=f(x)

u(x,0)=0
conditions at X — 400" (X t) _ (X) 0 1, x>0
infinity: A o(X) = 1

u(x,t)=0 :

k%, x<0
conjugation at Xx=0:
the step: . 04
[u(p + et =0, [el@+emu+oen®+ @ —nde| =0

00—



Linear Approximation

Linearized Equations:
ou O 2101 ou_ dn
at+ax[n+gu [2]=0 o = 8X+0(g) =0
_— on 5 e =11, +0(¢)
“h__ = o) L2
(’;17 %, [u(go+g77)] o [u]+0(e)  u, =k?u, +O(¢)
Linear Solutions:
On the shelf (x < 0): Seafloor (x > 0):
n,(X,1) =%[f (x=kt)+q(x+kt)]+O(e) N (X, t) =%[p(x—t)+ f(x+1)]+0(¢)
u, (x,t) =%[f (x—kt) —q(x +kt)]+ O() Ug (X,1) =%[p(x—t)— f(x+1)]+0O(¢)

f (<), E>0
shapes { 5 1_k

’;)(5) {Zk f(k&)+ 1+—kf( £), E<0 €«——— reflection off step
wave

f(y/lk)———1f(-y), y>0 «——— transmission onto shelf
q(y) = 1+k
- f (y) y<0




Linear Propagation







Nonlinear Perturbation

linear

ave nonlinear
ti ~— ou, O
N ‘/O cor;ec ion 0, o 0
n~n,+en,+0(e%) R £0 ot OX
~ 2 equations
U~u,+eu, +0(e%) @770+5[¢u0]:0
ot OX
~  (already solved)
= @u1+8771 _ 4 %
e ot Ox O ox t=0: 7,(x,0)=u,(x,00=0
equations
Oty + 0 [ou,] = O1loU X — o0 n,(X1t)=u,(x,t)=0

(inhomogeneous equations)



Simplifications

Transformation of Unknowns Riemann variables
WR:an_I_uFZQO/Z’ Ug =Ug, +7goUgg, c=X—-t, v=X+t,
WL:nL1+uEO/2’ UL:kzuLl+77LOuL0 Z:X_kt’ y:X+kt

- i(W +U ): 0 MorYor +u§r _i MorYor +£
ov: T vl 2 4 | a&\ 2 4
t=0: x>0 = ; ; : ; 2
=y=y=7=X, o _ __ O | Holor _ Yo MorUor  Uor
c=v=Y _ ag(WR Ur) ag[ 2 4j+av( 2 4 f
W, =W, =U, =U_ =0

—i(kW +U ):i oY +kU§| _ 0 [ g Uy +ku§'
oy Tyl 2 4 ) oz\ 2 4 I

i(kW -U ):_Q(UOIUOI _kuglj+ 0 Lﬂolum _kuglj
oz- - ,

x<0: =




V=35 3. v=p@p @) - ) )

Weakly Nonlinear Waves

x> 0:

x <0:
(&, v) ~ URO(§!V)+877R1(§!V)+O(‘92)

UL(Z’y)~77LO(Z’y)+‘977L1(Z!y)+O(82)
77L1(Z’ y) :WL(Z’ Y)_Uio(Z, y)/2 77R1(§’V) =W, (§1V)_UFZQO(§’V)/2
Wee (S, v); &>0 _ Wiz, y);
- W (z, y) =
Wale.v) {WRG(S, V)+AE) 2, £<0 {(2.Y) {WLG(L Y)+w(y)/2k; y>0

(5)— [VVLG(k§ —k&)+U (ks k&) /k
Wi (65 =8) =Uga (&, &) /K]

y<0

l//(Y)— [\NRG( y/k, yIk)+Uge (=Y /K, y/k)/k
Wi (=Y, V)+U (=Y, Y]

We (&, v)=%[(p(é)-f(v))(é,v>+IWR(:,v)] Wee(z, )= - [(12)- q(y)(z,y)+IWL(z,y>]

Ugg i (6)- 201 =3(v-8)I(& W+ 1M U(z, Y):m—k[Z(fz(Z)-qz(Y))z-3(Y—Z)Ju Z,y)+1u (@ Y)]

Jw (2, Y)FH(2) F(2) —aly)a'(y);
Ly (2, Y)=F'(D)[Q(Y) - Q)]+ a'(Y)[F (2) - F(W)];
Ju (2, Y)FH () £(2) +a(y)a'(y);
Lo (2, V= (DIQY) - Q)] -a'(NIF (2) - F(Y)I;

lyr (£, VI=P'(E)IF (V) - F(D]+ £/ (V)[P() - PM];
Jur (& v)=R(E)P'(E) + F (V) F(V);
lyr (&, V)= (DIF (v) - F(E)]- F'(VIP(E) - P()];

F(2) = [ f()dx P(2) = [ p(x)dx; Q(z) = [q(x)dx

y—

V4
2kt



Renormalization

Expansion of Exact Characteristics in &€

E=Sg +E6(Sir 1), V=S, +EVR(Spr, 1)

Z2=S, +& (S, 1), Yy=S, +&¥ (S, 1)
Conditions for secular terms to vanish

fR(SlR’ t):3t p(SlR)/4’ VR(SZR’ t) =3t f(SZR)/4

z, (S, 1) =3& T(sy)t/(4K), y (@, , 1) =-3&0q(s,. )t/(4k).



Linear and Nonlinear Propagation
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Riemann wave exact solutions

Below shelf x > 0
M (X, 1) = g(x—t [3{1+ &7 (X, 1) - 2])

Up(X, )= 2(J1+ens (X, 1) 1)/ &
Above shelf x < 0
(% 1) = (x+t [Byk? + &, (X, t) —2K])

u, (%, ) = —2[\ k2 + &, (x, t) =K1/ &

Initial splitting wave profile

#(c)=1(5)/2

Reflected wave profile Transmitted wave profile
1-Kk 1
9e) 2(1+Kk) =) 2(y) (1+k) (kj



Comparison

05
[14 splited incidental
[]3 wave
02 Reflected wave
y /\
| 1:’:5 llf;[] | | 1L‘.I'|5

k=0.5, t=160, X,=5, f(x)=Exp[-(x-X,)]

- - - Perturhations

— PBiemann
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Comparison

- - - Perturbations

—— ERismann

—12.5
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k=0.5, t=28, x,=5,e = 0.01, f(x)=Exp[-(x-x,)*



Comparison

J
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: - -« Perturhations
03' — Ripmat]
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Submerged Obstacle

-

o

i



Analytical Solution

Method of solution: Laplace Transforms

Left of obstacle x < —d

N t) = [f(vy) + f(E0(=¢, — d)1/2 + 1 (§)/[2(1 + k)?];

Above obstacle —d < x < 0

M0, 0) = [F )80 + ) + FE)8 (=6 — D12+ (i (i) + i ) /
[2(1 + k)2];
iy V) = T o[(1 = k)/(L+ P Sh, gV EMY (R (1)
F"™(h) = f(W)O(R); K1Y (v) = —(v + 2nd + 2d) /k;

n

F" () = f(WB(—h = d); by’ (V) = —hyy" (v) — d(1 + k) /k;

F"(h) = f()O(h + d)O(—h); hyw’ (v) = khiy’ (v);
EMY(h) = f(h)0(—h — d)0(h); hiLY (v) = —kh}%Y (v);

9" = =201 -1 g2 = 21+ g5 = = (1 = kP);
gs" = —(1-1?

Mg ©) = Zizol(1 = /(1 + K" Thoy g} S F" (1E©))

EM$(R) = F(WO(—h — d); RvE (&) = —(§ — 2nd — d + kd) /k;

EE (h) = F(h)O(h); hys () = —hiE (&) — d + d/k;
B (h) = F()O(h + d)O(=h); R (€) = —khbrs (6);
FME(h) = F()O(=h — d)O(h); hAE (€) = kR (9);

gt = g™ gy = g gyt = gt it = —(1+ k)2,

(101)
1) = Tpool — K)/A + K2 25, g;FF (hE, (D)
FE(R) = fF(WO(h); hiy(§) =& —d(2n+ 1 —k)/k,
FE(h) = f(WO(—h — d); h5,(§) = —& + 2nd/k — 2d;
FE(h) = FF(h); h5,(§) = h, () + 2d/k;
FE(R) = fF(W(B(=h) — 8(—h — d)); h, () = khk, (&);
FE(h) = F(W)(O(R) — 8(h + d)); R, (6) = —hk, (O);

Right of obstacle x > 0

Ne(x,0) = [f(ER) + FVR)OWR/2 + ni (V) /[2(1 + 1)?];
(V) = T20[(1 — K)/(L+ ]2 £5, g, FF (b, (v));
FR(h) = f(WO(=h—d); hR, (v) =v+d(2n+1—k)/k;
FR(R) = F(R)O(h); h,(v) = —v — 2nd/k;
FR(h) = FE(h); h,(v) = h5, (v) — 2d/k;

ER(h) = f(W)8(h + d)O(=h); h§,(v) = kv + 2nd;
FR(h) = f(WO(—h — d)O(h); hE,(v) = =Rk, (v) — 24,



Submerged Obstacle
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Analytical expressions for wave amplitudes

Transmitted Waves x < —d

1-k Y™ 2
m‘XJ):_{1+kj (k+1)°

f(t—x—2id/K), t>x, +2id /K, i=123...

Above obstacle —d <2_x < 0, positive amplitude
My (X,t)=(1_k) 1 f(t+x/k-2id/k), i=012.......

1+k ) (k+1)
Above obstacle —d < x < 0, negative amplitude
1-k )" 1 . .
X,t)=— — f(t—x/k-2id/k), i=123.....
ha (1) (1+kj kip) ¢ )

Reflected Waves x > 0

1—k)2i 2k
1+k ) (k+1)°

mdx0=( f(t+x+d—(2i+1)d/k), t>X,+(2i+1)d/k,i=0123...



Wave Resonance

Two general waves above shelf

(xt)—(l_ka Lt (tex/k—2d/K) +——f (t+x/K)
M50k ) 1+K 2

Spatial Condition for Resonance
X, =X, +2d/k

After superposition

_2(1+k
77M (X1t) - (k _|_1)3

Transmitted Waveform

4k (L+k?2)
X, t) = -f(t+x+d-3d/k
77L( ) (k+1)4 ( + X+ )

Transmission Coefficient
T 2(1+k?) . 2k

C (k+D® (@1+k)

2

f(t+x/k—2d/K)




Wave Resonance

First two transmitted waves

7L
0.5¢

0.4f /\ p)

0.3} 1

0.2}

0.1}

35 30 -25 —20 —15 —10 -5



Numerical solution for arbitrary piecewise seafloor

i .;:E
ki

Ei ]

Lk

cx =)
cxy < x <0

T < Ep_1.




Numerical solution for arbitrary piecewise seafloor

Finite Difference Method (second-order Lax-Wendroff scheme)

et = U DL AV, - VR ) 4 S ARV 2T, V)

J T 2Ax . 2A 2 J ] == ; ( r,')
N\ u
Boundary Conditions at seafloor steps
L oy Coe 0 (x)
im nlox,t) = hm n(—dzx,t) A = :
br— 0 dr— 0 | 0
lim oz )u(dx,t) = hm w|—dz)ul—dx, i)
dr—i- dr— 0~
I dn. ..
w(dz)—(dx. t) = p(—dz)—(—dx, t)
Cilr (Wi
hm n(dx, t) = lim n(—dz,t)
sr— 0 dr— 0

Radiation conditions at computational boundaries (Beam-Warming scheme)

LAt At?
41 _ i
1§ Llf_Ei-..:l ABV 4 [t o) 2Ax2

A2y m ofF m T



Comparison to Analytical Solution

1.0p
05F
3 — Riemann
—I'lﬂllll—lfll 3 Im—]}iﬁ'ﬂ'ﬁﬂce
_E'i? —— Analytic
_mf
-15L

(a) t =10



Comparison to Analytical Solution

10
05F

. J/\/\—Rﬁ'ﬂmﬂﬂ

5 - g

-1 o l } 0 Difference
! —— Analytic
~1.0f
~15L

(b) t =2



Comparison to Analytical Solution

10[
AF -/\-
I ! :_.-“__.""--_ ! I ! ! !
10 ~5 [ 3 10
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~1.0F
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More General Seafloor Topographies

Two Submerged Obstacles

1;lr

DS}

T — [
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Results and Conclusions

Derivation of momentum conjugation condition at step
discontinuity.

Exact linear wave solutions for shelf and submerged obstacle.

Explicit solutions for nonlinear perturbations with
renormalized characteristics. Favorable comparison with
exact Riemann wave solutions.

Analytical expressions for wave amplitudes above the shelf
and transmitted waves

Criterion for resonance and transmission coefficient

Ability to model wave propagation over more realistic seafloor
topographies
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