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Abstract: Adjoint systems are widely used to inform control, optimization, and design in systems described
by ODEs or DAEs. At the level of PDEs, advection equations and mean field games also have the structure
of adjoint systems, and all adjoint systems have a Hamiltonian structure.

We utilize symplectic and presymplectic geometry to investigate the properties of adjoint systems
associated with ODEs and DAEs, respectively. We show that the adjoint-variational quadratic conservation
laws, which are critical to adjoint sensitivity analysis, arise from (pre)symplecticity of such adjoint systems.

We develop structure-preserving numerical methods for such systems using Galerkin Hamiltonian
variational integrators which admit discrete analogues of these quadratic conservation laws. This can be
used to train neural networks arising from time-discretizations of neural ODEs, even ones based on
implicit-in-time discretization.

Finally, we investigate the geometric structure of adjoint systems associated with evolutionary partial
differential equations at the fully continuous, semi-discrete, and fully discrete levels and the relations
between these levels. We show that the adjoint system associated with an evolutionary PDE has an
infinite-dimensional Hamiltonian structure, which is useful for connecting the fully continuous, semi-
discrete, and fully discrete levels.
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