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Link with Ben's talk

For 5 € R*, there exists a
wavenumber k € C such that

u(x,y) = w(y) e

is a surface plasmon.
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Link with Ben's talk

For 5 € R*, there exists a
wavenumber k € C such that

u(x,y) = w(y)

is a surface plasmon.

eiﬁx

Zois MoiTier

e>0

For m € 7Z*, there exists a
wavenumber k € C such that

u(r,8) = w(r)e™

is a surface plasmon.
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The spectral problem

Permittivity €, piecewise constant, Dr (disk) and Cg (circle) of
discontinuous across Cgr radius R.

» £ =¢c. < 0in the cavity Dg;
» ¢ =1inR?2\ Dg. e=1

Resonances problem: Find (42, u) € C x HL_ (R?), u #0, such that

loc
—div(e ' Vu) = u in Dr and R?\ Dg
[u]lc, =0 and [sfl Onu ¢, =0 across Cp

u is {-outgoing

Zois MoiTier Where are the surface plasmons? 4/18



The spectral problem

Permittivity €, piecewise constant, Dr (disk) and Cg (circle) of
discontinuous across Cgr radius R.

» £ =¢c. < 0in the cavity Dg;
» ¢ =1inR?2\ Dg. e=1

Resonances problem: Find (42, u) € C x HL_ (R?), u #0, such that

loc
—div(e ' Vu) = u in Dg and R? \ Dg
[u]lc, =0 and [sfl Onu ¢, =0 across Cp
u is {-outgoing

u is £-outgoing means that for r > R and 0 € R/27Z

u(r,0) =3 (a,,, HS (4r) + b H(,ﬁ)(er))eime.

meZ -0
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The spectral problem

Permittivity €, piecewise constant, Dr (disk) and Cg (circle) of
discontinuous across Cgr radius R.

» £ =¢c. < 0in the cavity Dg;
» ¢ =1inR?2\ Dg. e=1
Resonances problem: Find (42, u) € C x HL_ (R?), u #0, such that

loc
—div(e ' Vu) = u in Dr and R?\ Dg
[u]lc, =0 and [sfl Onu ¢, =0 across Cp

u is {-outgoing

e The operator —div(¢ ! V) is self-adjoint if, and only if, ec # —1
[CoSTABEL & STEPHAN, 1985].

e It is not semibounded, spgis C R* unbounded and spess = Rt
[CARVALHO & MOITIER, in preparation].
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Almost-explicit computation for circular cavities

» Fourier series expansion in the periodic angular variable 0:

u(r,0) = Z Win(r)e™.

meZ

» (2 € Cis a solution of the spectral problem if, and only if, there
exists m € Z such that
I' (n€RYHY (LR) + nIn(nLR)HY (4R) = 0

where n = /—¢. > 0.

» The associated resonant mode

. Im(ntr) ifr<R
ug(r,0) = elm Im(nlR) (1) . .
e Hm'(Lr) ifr>R

Hiy' (£R)
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Resonances for a circular cavity
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For R =1 and n = \/—¢., graphs in (Re(£?), Im(£2)) of the roots of
LT (neRYHP (UR) + nIn(neRHY (4R).

This set can be partitioned R[n] = Rout[n] U Rinnl[n] U Rpia[n].
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Quter resonances for a circular cavity
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The outer resonances “live” outside of the cavity.
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Inner resonances for a circular cavity
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The inner resonances are negative eigenvalues (2 < 0) of —div(¢ "1 V) on
L2(IR?) and “live” inside the cavity.
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Inner resonances for a circular cavity
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Plasmonic resonances for a circular cavity
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The plasmonic resonances “live” on the interface and
» for —1 < g < 0, are negative eigenvalues (£? < 0);
» for . < —1, are resonances (Re(£?) > 0 and —1 < Im(£2) < 0).
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Plasmonic resonances for a circular cavity
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Scaling of the plasmon as m — +o0

Cartesian coordinates: (x, y) € R?
—div (¢71 Vu) = £u

[U]CR =0
[5_1 Onu] c, =0
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Scaling of the plasmon as m — +o0

r

Polar coordinates: (r,0) € Ry x R/277Z

—%ar (571 rG,u) — %légu = u
[ulsRy xR 2nz =0
[871 6ru}

{R}xR/27Z — 0
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Scaling of the plasmon as m — +o0

r

Polar coordinates: (r,0) € Ry x R/277Z
u(r,8) = w(r)e™ with m e 7*

—%0, (571 ré,w) — mz%lw = Pw
[Wliry =0

[s‘l a,w} =0

{R}
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Scaling of the plasmon as m — +o0

Scale coordinates: (0,6) € R x R/27Z

p(o)=w(r) and A= (%)2 e=1
0 0
05 (7185p) — e to =2+ O(L) 3
[‘P]{o} =0 e <0
(£ 05p) gy = 0 —00
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Asymptotic expansion of the plasmonic resonances

Theorem: For €. # —1, there exists a sequence ({m)m>1 of
complex such that

» (£2,)m>1 are negative eigenvalues for —1 < g. < 0,

» (£2,)m>1 are resonances for ec < —1,

and
e N-1 N
8= (1+e) 1+ Y Agm@+0 (m™) |, v =1
q=1

Remark: All the coefficients A\, are real and, for ec < —1, we have
0<1l+et<1soIm(£2)=0O(mN)forall NeN.

Proof: It relies on the Black Box Scattering theory and the theorem of
[TANG & ZwoORsKI, 1998].
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The scattering problem
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The scattering problem

Given:
» a wavenumber kK >0

» an incident field u"(x,y) = e ©Y
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The scattering problem

Given:

» a wavenumber kK >0

U . .
incident field v!"(x, y) = k¥
/// \\\ » an incident field u}(x,y) = e

Find: the scattered field u* € H|_(IR?)
e=1 suchthat u= v+ u and

—div(e 'Vu) - ku=0 inR?\Cg

\k\ /// [u]lc, =0 across Cg

1 N
i i [e" Bnu] c, =0 across Cg
ui© is k-outgoing
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The scattering problem

Given:

» a wavenumber kK >0

U . .
incident field v!"(x, y) = k¥
/// \\\ » an incident field u}(x,y) = e

Find: the scattered field u* € H|_(IR?)
1 such that u= v} + uj® and

—div(e 'Vu) - ku=0 inR?\Cg

\k\ /// [u]c, =0 across Cg
i in [s’l Onu] c, =0 across Cg
k
ui© is k-outgoing

e 15° is k-outgoing < Sommerfeld radiation condition.
k going

e The problem is well posed for ec # —1 (T-coercivity arguments).
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Almost-explicit computation for circular cavities

The incident field with the Jacobi-Anger expansion:

u}(”(x,y) _ eiky _ eikrsin(9) _ Z Jm(k r) eim9.
meZ

The scattered field:

iEy) =Y e

meZ

- amIm(kr) —Jm(kr) ifr<R
b HSY (k r) if r>R

where, with n = \/—¢c, the coefficients (am, bm) solve
In(nkR) —HY(KR) <3m> ( Jm(kR)>
71T (nkR)  HY'(kR)) \bm —J(kR) )
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Graphs of the incident fields

For R =1 and ec = —1.2, the graphs of u"(x,y) = €.
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Graphs of the scattered fields

For R =1 and ec = —1.2, the graphs of u;°

: 12 g 10000
. o . 8000
[X]
' y 6000
0.6
4000
05 0.4 -
2000
02 .
0.0 0

-10 -0.5 00 05 -10 -05 00 05 -10 -05 00 05

0 . 0

—10 -05 00 05 —10 -0.5 0.0 . 4 —10 -05 00 05

ko — 0.01 =~ 6.47 ko ~ 6.48 ko +0.01 =~ 6.49

14
. 12
.. 1.0
0.8
’ 0.6
- 0.4
0.2
0.0

N

is MoiTier Where are the surface plasmons? 16 /18




Graphs of the responses

R =1, p=2, and graphs of Ng, : k
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The blue dashed lines correspond to Re(4,,) of the plasmonic resonances for
g.=—-1.1.
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Final remarks

Remark:

» Everything in this talk is valid for other shape of cavity and/or
variable permittivity.

Conclusions:

» We can excite surface plasmons via scattering only if e < —1
because they correspond to resonances close to R .

» But this is bad news for FEM and BEM because those surface
plasmons constrained the meshes with their high number of

oscillations and localization along the interface of the cavity.
Can we extract them?
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Final remarks

Remark:

» Everything in this talk is valid for other shape of cavity and/or
variable permittivity.

Conclusions:
» We can excite surface plasmons via scattering only if e < —1
because they correspond to resonances close to R .

» But this is bad news for FEM and BEM because those surface
plasmons constrained the meshes with their high number of
oscillations and localization along the interface of the cavity.
Can we extract them?

Thank you for your attention
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