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Motivation

Motivation

e Slender Body Theory [1]
- How light is affected when obstacles have a region of high curvature.

)
I

=

e Wave problem : Exterior Helmholtz
e Focus on 2D in Laplace
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Interior Dirchlet Laplace

Introduction

Interior Dirichlet Laplace problem:
Au=0 in D
u=f on B

The solution is represented as a double-layer potential

G
u(x) = a—(x,y)u(y)dcy, x€D
B dny

Green’s function  G(x,y) = —5-loglx—y|
U is continuous density that satisfies the BIE

+/8 (x,y)u(y)doy =f(x), x€B

A=y
59) = =g, (55
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Interior Dirchlet Laplace

Why do we use Boundary Integral method ?
+ Reduction of 1 dimension
+ High-order methods available [2]

— Dense matrices

Challenge:

e We focus on the boundary integral equation

~5u00-+ [ 52 eyuto, =), res

for a region of high curvature. )
E

e We have a parameter € which perturbs . .
our ellipse to have the following behavior
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Interior Dirchlet Laplace

Solving the BIE

To solve the boundary integral equation we take advantage of
parameterization

y(s) = (ecoss,sins), 0<s<2m

Plugging it into the boundary integral equation we get

)+ o [T 2 =), 0<s <2

The boundary integral equation can be rewritten as

%4
_1”() ;ﬂ/ K(s,r:e)p(s)dt = f(s), 0<s<2m

with kernel ¢

—1—€>—(1—€?)cos(s+1)

K(s,1;€) =
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Interior Dirchlet Laplace

Taking a closer look at the kernel

€
—1—€2—(1—¢€%)cos(s+1)

K(s,t;€) =

Notice that K is nearly singular [3] when s+t = 7 or s+ = 37 whichis a
challenge.

When cos(s +1) = —1 then
1
K(s,t;€) = ——
(s,1:6) 2¢

lim K (s,1;€) — —oo
e—=0
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Interior Dirchlet Laplace

Numerical Investigation: Periodic Trapezoid Rule

Recall the BIE:

1 1 2
~ShO)+ o [ Ko =f(s), 0<s<2m

The Periodic Trapezoid Rule

1 j ,
_E'u(si)—i_NZK(si’tj)“(tj) :f(s,-), i=1,....N
J=1
2mi 2mj
where s;=— and f=—
N

We solve the System (—%IN +P)uy =fn
where P is the matrix obtained from the Periodic Trapezoid rule.
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Interior Dirchlet Laplace

Recall the BIE :
1 1 [2m
—Eu(8)+ﬁ.0 K(s,t;€)pu(s)dt =f(s)
Gauss’ Law[3]
-1, eD
G 1 *
7(X7y)‘ll(y)d6}7: ) xeB
B dn,
0, xeE

Example: We run a text case where f = 1. Since f is constant and we assume
U to be constant then Gauss’ Law will give us the following

The test case solution to the BIE will be = —1.



Interior Dirchlet Laplace

We run PTR for N = 32 quadrature points and different values of €.

02

-0.25

it

03

-0.35

04 -

e PTR approximation is way off 1 (s) # —1, which is a problem.



Interior Dirchlet Laplace

The following is a log-log plot of the error vs. N for the periodic trapezoid
rule with a fixed € = 0.001

PTR - Error vs. N

10!

[l 1|
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Interior Dirchlet Laplace

Reason:

Recall, K(s,7:€) = —5= when cos(s+1) = —1

2¢e
then |
K(s,t;6) =—=—, lmK(s,1;€) — —oo
28’ 50
Heat map of PTR
0 o
i% —e=0.01
[ o ¢=0.001 =
-200 Ly — -¢=0.0001 i
I
-400 1 L
N4 i j
-600 I -
Y
-800 \
-1000 :
0 2 4 6
t Sinh X5 s PSP
(a) Plot of kernel for different values of €. (b) Heat map of matrix P for PTR.
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Interior Dirchlet Laplace

Inner Asymptotic expansion

We provide an alternative numerical method for the points y(s+7) = y(7) and
y(s+1) =y(3m).

Inner AsymptoticA¢
Expansion l

M
yr =) )
y /v/

At
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Interior Dirchlet Laplace

Inner Asymptotic expansion

We provide an alternative numerical method for the points y(s+7) = y(7) and
y(s+1) =y(3m).

e ﬁZﬁZE’n"mf‘ e The expression of the integral
or— 5\)7 () for a neighborhood around the
o point y(7 — s)
s T—s+At
> I = K(s,t;€)u(r)de
T—s—At
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Interior Dirchlet Laplace

Substitutions:
@ =71+ 7m—swith N
t
dt=dt — L=4% [ K(s,t+n—se)u(t+x—s)dt
A

® T =T with N
dt=edl — 11:ﬁ/;K(s,£T+n’—s;e)u(eT+7r—s)£dT

Expanding about € = 0:

1 N (—12T% - T)e
(-2-T)e  6(4+71?)

n(eT+m—s)=pu(m—s)+eTu(x—s)+0(e?)

K(s,eT+ 7 —s,€) = +0(&%)

1 % - tan( 2L (m —
/ ”(” S) 8dT+ 0(8) ~ _arC an(zg)“( S)
2-= T

1 (-w),

L. Lewis 16/36
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Interior Dirchlet Laplace

Modified numerical method:

At the points y(s+1) = y(7) and y(s+1) = y(37) we replace PTR with the
asymptotic.

1 e
_Eﬂ(si)+NZK(si7ti)“(tf) :f(s,-), lZI,N
=1

Modified BIE

ue Y Kepu+ Y (-G ”‘”) = (o).

Jj=1 Si+tj=T T
SiHG#ET si+t;=37m
.\‘,'+I/‘;£3717

We solve the System

1
(_51N+Pm).uN =/
where P,, is the Matrix of the MPTR.
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Interior Dirchlet Lapla

Numerical Results: we run the MTR for N = 32, f = 1 and different values of
€ (testcase u = —1).

Plot of 1
-0.975
-098
0985
=}
-099 B
0.995 1
Bl -
o 1 2 3 4 5 8 7
t
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Interior Dirchlet Laplace

Comparing the Error

Error vs ¢ (N=32)

Error vs. N (¢=0.001)

lles +11]
s
ll7: +11]

€ N

Modified trapezoid rule Trapezoid rule

e The Method does not do well e Requires more points to get a
when Af < €. good approximation of u

L. Lewis 19/36



Interior Dirchlet Laplace

Spectral approximation of the BIE :

Fourier Series

Recall that the boundary integral equation
2
—Iu(s) + 2 A K(s,t;e)u(t)de=£(s), 0<s<2m
Steps:
@ Substitute

Nn—=—oo

u(s) = Z ‘ﬁneins7 K(s,t;€) = Z ]}meim(sﬂ) and f(s) = Z fneins

L. Lewis




Interior Dirchlet Laplace

Spectral approximation of the BIE :

Fourier Series

Recall that the boundary integral equation
2
—Iu(s) + 2 A K(s,t;e)u(t)de=£(s), 0<s<2m
Steps:
@ Substitute

uis)= Y fe™, K(s,n8)= Y kne™ ™, and f(s)= Y fie™

® We multiply equation by ie""” and integrate over [0, 27]

n—=—oo

L. Lewis




Interior Dirchlet Laplace

Spectral approximation of the BIE :

Fourier Series

Recall that the boundary integral equation
2
—Iu(s) + 2 A K(s,t;e)u(t)de=£(s), 0<s<2m
Steps:
@ Substitute

uis)= Y fe™, K(s,n8)= Y kne™ ™, and f(s)= Y fie™

® We multiply equation by ie""” and integrate over [0, 27]

n—=—oo

The Fourier representation of the BIE is given by

1. A N
_Eun+u—nkn = fn, n= —00,...,®®

L. Lewis




Interior Dirchlet Laplace

Finding the Fourier coefficients

2 n L
1+¢€- £~ Cos

1
rational trigonometric function [4]. 1+&

© We rewrite K(s,7;€) as a — K(s,r;€) = ( £ ) (%>
1+ (s+1)

L. Lewis 21/36



Interior Dirchlet Laplace

Finding the Fourier coefficients

1-+€2 &2

© We rewrite K(s,7;€) as a — K(s,r;€) = ( £ ) (%>
1+ (s+1)

1 5 COS
rational trigonometric function [4]. e
_ _—¢ _1-& . _ o
@ Letco = 1+€2 and ¢ = 1+€2 - K(S’ t’g) - <l+¢'| cos(x+r)>

with ¢ < 1

L. Lewis 21/36



Interior Dirchlet Laplace

Finding the Fourier coefficients

© We rewrite K(s,7;€) as a — K(s,r;€) = ( 783> (%>
. . . . I+e 1+ 12€ cos(s+1)
rational trigonometric function [4]. e

1—¢2 Lo — <o
g LetCO— 82 and c1 = s — K(S,l’,g)— <m>
with ¢; < 1
© We obtain — k, = co szp‘"‘ Va.
with 1, = p" }*g n>0
1 1
and p é

C1

L. Lewis 21/36



Interior Dirchlet Laplace

Finding the Fourier coefficients

© We rewrite K(s,7;€) as a — K(s,r;€) = ( 783> (%>
. . . . I+e 1+ 12€ cos(s+1)
rational trigonometric function [4]. e
= 1= 2 . - y
gLetCO—T‘ZzandCI—Tiz — K(S,l’,g)— <WM>
with ¢; < 1
© We obtain — k, = C07—p? Hp p‘"‘ Vn.
with I, ] = p” }*gz n>0
1— c] 1
and p = —
The truncated system becomes
1 A A ~ ~ N N
_E,un‘{',ufnkn :fna n:_iw -35_1 (1)
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FFT Results

[l +111,

Interior Dirchlet Laplace

10712

0"

101

FFT - Error vs. e

FIGURE 3 — Plot of the error VS. € of Spectral method for different values of epsilon.

L. Lewis
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Interior Dirchlet Laplace

Summary - Interior Dirchlet Laplace

PTR MTR FFT

Approximation - + +
Accuracy - + ++
Limitations + + -
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Interior Dirchlet Laplace

Summary - Interior Dirchlet Laplace

PTR MTR FFT

Approximation - + +
Accuracy - + ++
Limitations + + -

Extension of the methods to

e Exterior Neumann Laplace
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Interior Dirchlet Laplace

Summary - Interior Dirchlet Laplace

PTR MTR FFT

Approximation - + +
Accuracy - + ++
Limitations + + -

Extension of the methods to
e Exterior Neumann Laplace

e Scattering Problem
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Extension to other problems

Exterior Neumann

Exterior Neumann Laplace problem:

Au=0 in E B
du
= B

8nx f on pe
where E :=R?/D Tk
The solution is represented as a single-layer
potential

u(x) = /B G(x,y)u(y)do,, x€E

Green’s function  G(x,y) = —5-loglx—y|
U is continuous density that satisfies the BIE

1 G

3100 [ S xnu0)do, =10, xeB

L. Lewis



Extension to other problems

Nearly Singular Behavior

using parameterization y(s) = (€coss,sins), 0 <s <2m We get the BIE
writren as

FuG)+o | Klsneu(s)dr=f(s), 0<s<2m (D

with kernel

K(s,r€) = — ey/1+& — (—1+¢€%)cos(21)
V(1 — €2+ (~ 1 + ) cos(s +1)cos2(s) + 2 sin(s)

Notice that K is nearly singular when s +¢ = 7 or s + ¢ = 37. when
cos(s+1) = —1 then

B V1482 —(—1+¢€2)cos(2(m —s))
2V/2¢ \/cosz(s) + £2sin(s)

lim K (s,7;€) — —oo
e—=0

K(s,m—s;€) =

L. Lewis



Extension to other problems

PTR system Z(%IN +PN)[.LN =fn.

PTR matrix

a0

Ed

20

T L U U L LRSI Sttt
et e e e e e T R N T T TR e LR
" e @

i TR AT

Similar to Interior Dirichlet Laplace problem :
¢ Inner Expansion

e Spectral Method



Extension to other problems

Inner Asymptotic Expansion :

T—s+At Al»
I :/ K(s,t;€)u(s)dr ~ 2arctan(—) + O(¢)
T—s—At 2¢e

MTR matrix

O A U U Ut LA AULI T DI Pttt
e i e e e b R T e T TR L R
@ E3 =

L. Lewis



Extension to other problems

Challenges :
e No exact Solution

e No analytic Fourier Series Coefficients available

Spectral Method
e Do direct FFT - Requires a lot of quadrature points
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Extension to other problems

Scattering Problem

Exterior Helmholtz problem:

Au+k*u=0, in E
u=f, on B.

+ radiation condition

i}
The solution is represented as a double- and single-
layer potentials

oG _
)= [ (52 () kGl GGy, e E
B\ dny
Green’s function G(x,y) = Z’T'H(()l)(k|x—y|)

L. Lewis




Extension to other problems

U is continuous density that satisfies

30+ [ (G ten) = ikG(xy) ) ui)do, =f). x<

Challenges
e Singular kernel at x =y
o ¢ affects the kernel

We use Kress quadrature [5] with N quadrature points to solve the system

1
(EIN +Pu)un = fn

L. Lewis



on to other

Current Investigation : Inner Asymptotic Expansion
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Conclusion

Conclusion

e Regions of high curvature affect BIE
e Periodic Trapezoid Rule not always effective.

e To address this we do an asymptotic expansion and sometimes use
Spectral method.

e Work in progress :
— Helmbholtz

— Extension to other boundary shapes
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