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Ivanpah Solar Power Facility 

• 173,500 heliostats 
• 140 meter tower 
• 392 MW

$2.2 billion





Concentrated Solar

Limitations:  
• Need to track the sun 
• Do not collect diffuse light

parabolic reflector

focus (receiver)



Imaging Optics

What is an image?



Imaging Optics
 Maxwell’s equations for electromagnetic waves 

• Monochromatic waves 
• One polarization component 
• High-frequency 

 Get Eikonal equation 

  

•   is the phase of the wave 
•   is refractive index  

| ⃗∇ S(x) | = n(x)

S
n



Ray Optics

  

Rays are normals to surfaces of constant phase 
 If rays do not intersect we get an image (eikon)

| ⃗∇ S(x) | = n(x)



Ray Optics

  

Rays are normals to surfaces of constant phase 
 If rays do not intersect we get an image (eikon)

| ⃗∇ S(x) | = n(x)

Solar concentrators are not seeking an image of the sun!



Nonimaging Optics

• Seeks thermodynamically optimal designs 
• Applications:  

solar concentrators that do not track the sun 
illumination engineering

Welford and Winston (1978)



Nonimaging Concentrators

Faceted Winston cone [Winston Lab] Faceted trough concentrator [Arctic Solar]



Nonimaging Lighting

Toyota RAV4



Nonimaging Designs

Planar (2D) nonimaging concentrators 
• Hottel strings, flow-lines [Winston et al. (2004)] 
• Designs can achieve 

All light inside a cone reaches the receiver 
Thermodynamically ideal in 2D



Limitations of Design Methods
• 3D designs obtained by symmetry (cone / trough) 

Not ideal 
Optimal? 
Fairly large 

• Faceted and truncated designs are more practical 
Not ideal 
No analytical method 

Computational optimization methods are needed



Computational Approaches

• Ray-tracing + ad hoc optimization  
• SMS design method [Miñano & Benitez] 
• Ray-tracing + Pattern Search [Ilan et. al]

Can benefit from new ideas



Nonimaging Theory

What is the (differential) equation governing nonimaging optics?

With Arnold Kim



Radiative Transfer Theory

Incoherent light can be described by its radiance 

It is natural to consider nonimaging optics in this context

Chandrasekhar



Radiative Transport Equation (RTE)

s ⋅ ⃗∇ L + μtL = μs ∫Sd−1

p(s, s′�)L(x, s′�) ds′� + Q(x, s)

absorption scattering sources / sinkstransport

Neglects phase-dependent phenomena 
• diffraction 
• interference



Radiative Transport Equation (RTE)

s ⋅ ⃗∇ L + μtL = μs ∫Sd−1

p(s, s′�)L(x, s′�) ds′� + Q(x, s)

absorption scattering sources / sinkstransport

In free-space or homogeneous medium: 

s ⋅ ⃗∇ L(x, s) = 0

Governing equation of nonimaging optics

(linear transport eqn)



Boundary Conditions

s ⋅ ⃗∇ L = 0

Need to specify L(x,s) in all directions entering the domain

• Effective source at the aperture 
• Specular reflector



Two Models of Light

s ⋅ ⃗∇ L(x, s) = 0

Radiation optics

| ⃗∇ S(x) | = n(x)

Coherent optics

phase radiation

nonlinear  -order PDE1st linear  -order PDE1st

rays ?



Problem Formulation

s ⋅ ⃗∇ L = 0 + boundary conditions

Need to solve

Once L is found we can recover the light flux

Can we solve it?





Green’s Function Formalism

L(x, s) = ∫∂D ∫Sd−1

Γ(x, x′�, s, s′�) (n(x′�) ⋅ s′�)L(x′�, s′�) ds′ �dx′�

• Spatial integral only on  {aperture, reflector, receiver} 
•   is called the fundamental solution 
•   is the normal to the boundary

∂D =
Γ
n(x′�)

Green’s function reduces the 3D problem to a surface integral

Solution of a RTE BVP can be expressed as [Case (1969)]



Challenges

L(x, s) = ∫∂D ∫Sd−1

Γ(x, x′�, s, s′�) (n(x′�) ⋅ s′�)L(x′�, s′�) ds′ �dx′�

1. For RTE,   cannot be obtained explicitly 
2. Angular integral is over all directions 

• We only know L(x,s) entering the aperture

Γ

 This is an integral equation for L(x,s) ⇒



Fundamental Solution

s ⋅ ⃗∇ Γ(x, x′�, s, s′�) = δ(x − x′�)δ(s − s′�)
“point charge”

Kim and Ilan: �(x,x0, s, s0) = R(x0,s)(x)| {z }
ray function

�(s� s0)

<latexit sha1_base64="lLAV/ikT3/7k0Zwqmj+sAawBn7Q="></latexit>

Explicit formula

R(x0, s) = {x0 + ts | 8t � 0}

<latexit sha1_base64="AI206Fca7fwngljl8JBHAHkgB2I="></latexit>

R(x0,s)(x) =

⇢
1 x 2 R(x0, s)
0 x 62 R(x0, s)

<latexit sha1_base64="xoyMiLBbQ96EhNVVN27GRiZfkYs="></latexit>





Ray Functions

R(x0,s)(x) = R(0,s)(x� x0)

<latexit sha1_base64="Ga+Ntgr+7Js1ALX8mrc4IZLdOTM="></latexit>

Translational symmetry

F [ R(x0,s)(x)](k) =
e�ik·x0

i(s · k) + ⇡�(s · k)

<latexit sha1_base64="bVXXQf0K//QFfPePsK1FR8vgmj0="></latexit>

Fourier transform

This generalizes the 1D formula

  F[H(x)] =
1
ik

+ πδ(k)

Kim and Ilan [SPIE 2018]



Application to Nonimaging Optics

L(x, s) =

Z

@D

Z

Sd�1
R(x0,s)(x) (n(x

0) · s0)L(x0, s0) ds0dx0

<latexit sha1_base64="/YjE/YqsGmELn2aw58B/1USuELw="></latexit>

• Reduces the problem to a surface integral equation 
• Enables new approaches to compute the radiance 

Further work is needed





Computational Approach

L(x, s) =

Z

@D

Z

Sd�1
R(x0,s)(x) (n(x

0) · s0)L(x0, s0) ds0dx0

<latexit sha1_base64="/YjE/YqsGmELn2aw58B/1USuELw="></latexit>

In there a Boundary Integral Method formulation? 



Ray Matching
With Pedro González-Rodríguez [In Progress]



Compute   at the receiverL(y, θ)

Test Problem



Ray Matching vs. Ray Tracing

Ray tracing Ray matching



The Future



Conclusions

Radiative transfer theory provides a framework for nonimaging optics 

Potential application to designing 
• solar concentrators 
• illumination systems 
• computer graphics

Thank you for your attention!


