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PROBLEM
DESCRIPTION




Project Goals:

Find the solution of the scattering

problem,
U = uinc + 1S
Viu+ ku =0, in FE
Ot = Opu® + O, u™ = 0, on OF
lim (8nusca — ikusea)ds =0
§700 Jja| ¢
uinc — eikz

Accurately compute solution when spheres are
closely situated.

X1 —X2| =2a+¢e, e—07

Compute the acoustic radiation force.

Ri=- | { Enom Sl

Need to know the field, U on each sphere to
calculate the force.

n+ Po<(’f"b . 171)171}d5, k= 1,2.

U = Vuy Pk = 1PoWUE



MOTIVATION: SELF
eck \, ORGANIZATION WITH
3 Kleckner La OPTICALLY BOUND COLLOIDS

Optical Binding

e Intense laser 1s used to create a force
between individual particles.

* Highly tunable.

 Particles arrange 1n interesting
geometries.

Acoustic Binding

* Analogous to optical binding

* Applications 1n self-assembling
300 nm particles in an optically materials.

bound array. @
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N ' SOLVING FOR
| * THE SCATTERED
_ | «  FIELD USING A

SYSTEM OF
BOUNDARY
INTEGRAL
EQUATIONS
(BIEs).
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Representation Formula (a briet look)

uS?® = G(z, yl)(?nyluinc(yl) + On, G(z,y1)ui*(y1) doy,

Ny,
B

+ [ G(x,42)0n,, u(y2) + On,, G(2,y2)us™(y2) 0y, z€E
0Bo

eiklw_y| 3
z,y € R°.

[ Where, Gy = g

A few skipped steps (they don’t fit on this slide),

and we arrive at...

b : | b usea(ah)
ui*(z7) = G (7, ZUl)@nyl u™(y1) + anyl Gy, y1)ui™(y1) doy, + 2
4 B

+/ G(x?,yg)ﬁny2 ' (yg) + On,, G(xl{, Y2 )ui“(y2) doy,, xl{ € B;.
&Bs

u(z3) = [ G(23,91)0h,, 0" (y1) + On,, G (23, y1)ui™ (y1) doy,

Ny,
B

sca( ,.b
. uSt?(x
+ G(xg,yg)é?ny2 uy**(y2) + On,, G(xg,yg)usca(yg) doy, + 2" 2), xg € Bs.

8Bs 2



LAYER POTENTIAL INTEGRAL OPERATORS
(SIMPLIFYING NOTATION)

BIE System
sca/ by __ b (9 1nc a G sca d G b 8 1nc 8 G sca d ,Uica(x?) b B
ui™(x7) = 5 G(z1,91) ny, U (y1) + Ny (xl,yl)ul (y1) doy, + o5 (71,92) Ny, U (y2) + Ny (931792)% (y2) doy, + 5 y Ty € by
_ uSca :I?b
uzca(:cg) :/B G(:l:g,yl)ﬁnyl u™(y1) + GnylG(mQ,yl)uﬁca(yl)dayl + /aB G(:Bg,yg)any2ull “(y2) + On,, G(:BQ,yg) *A(yq) doy, + %, :L“g € Bs.

Operator Notation

sca( .b
SCa u x
3 ) =8, [0y, 0 () + Dy [ ) + 8,00, 0] (}) + Dy ) + )
usca T
E™(@8) =Sy [0n,, w71 (@5) + Dy [7I(05) + 8,0, 0 (05) + Dy 5] () + E )
BIE System (operator notation)
Sy, [anwuinc](x?)
81100, u™] ()

Diagonal Blocks




P;" (cos ) cos(my) P," (cos ) sin(|m|yp)
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SPHERICAL HARMONICS:
EXPLOITING THE
GEOMETRY OF THE
PROBLEM

Form a complete set of orthonormal functions.

Form a basis for expansion of functions in 3-D
(3-D analog of Fourier Series).

Allow for major simplification of boundary
integral equations (spoiler alert).




HARMONIC EXPANSIONS

G(r.0,6,7,0',¢') =ik Y _ ji(kr)hi" (kr') Y™ (0, $)Y,E, (07, )

lm

oG
8ny

(1,0, ,7,0',¢') = ik > (k)0 b (ki)]Y™(0, )Y, (0, ¢)

lm

Fundamental Solution (Green’s Function)

sca Z C(1>h(1) k?“ (91, Cbl) U’llnc<331) Z bgm)Jl (k”l“l)

sca Z C(z)h(l) kT’ (827 ¢2) 1nc Z blm]l ]{77“2

Scattered Field Inc1dent Field

m(ela le)

m(927 ¢2>




DIAGONAL AND OFF DIAGONAL LAYER
POTENTIALS

Single-Layer Double-Layer
/ G(z,yr)0n,, u™ (yx) doy, = Sy, [On, u™](z), k=1,2 / ny, G (@, yr)up ™ (yk) doy, = Dy, [up|(x), k=1,2
Bk Bk

Layer potential operators applied to spherical harmonics

S[Y™(6, ¢) = ika®ji(ka)h!" (ka)Y;™ (6, ¢). D[Y")(6, ¢) = ika®d,ji(ka)h'" (ka)Y;™ (6, ¢)

Vico et. al. [1]

Recall harmonic expansions

G(r,0,0,7",0',¢') = ik y_ ju(kr)hy (k') Y™ (0, 6)Y,), (0, ') s (2 ZcU)h(”(kTJM (0;,0,)7 = 1,2
lm
aG / . . / m / / 1nc
o 120 6.17.0',4) =ik ju(kr) [0y by (kY™ (0,0) Y, (0, &) Zb}ﬁyl (kr;)Y;™ (05, 65)

Im




DIAGONAL AND OFF DIAGONAL LAYER
POTENTIALS (CONTINUED)

Diagonal Blocks
Dy, [u5)(3;) = ik*a 220%9 ka)hy" (ka)Y;™ (05, 6;)

Sy, [0y, ui"°](;) = ik*a QZb“)am(kam(ka)h(><kam (9, ;)

Im
g =12
Need to find a way to evaluate a function
Off-Diagonal Blocks “radiating” from sphere j onto sphere 1.

(here is where we run into trouble)
Dy, [uf**](«}) = ia’k* Y Cpal0rhy" (ka) g (ke (ks (63, 00) ) (65, 67)

Il,m \
Sy [On, u*)(a?) = ia®k? Y b Y (ka) (0,51 (a1 (kr; (05, 6:) VY™ (05, ¢7)

l%,j:l,g i @



VISUALIZING THE ISSUE

Mapping 1 onto 2 Mapping 2 onto 1




THE CLOSE EVALUATION i
PROBLEM i

-10

_2 \“ 15
-2 O, 2
xr
. . . 0.2
* Large error resulting from computing solution near o
the boundary using high order quadrature rule at 0
fixed order. 04
-0.2
e Non-uniform error. BT E——
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QUESTIONS




